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ON K3 SURFACES OF PICARD RANK 14
ADRIAN CLINGHER AND ANDREAS MALMENDIER
Abstract. We study complex algebraic K3 surfaces polarized by rank-fourteen,
two-elementary lattices. Three such lattices exist – they areH⊕E8(−1)⊕A1(−1)⊕4,
H ⊕E8(−1)⊕D4(−1), and H ⊕D8(−1)⊕D4(−1). As part of our study, we provide
birational models for these surfaces as quartic projective hypersurfaces and describe
the associated coarse moduli spaces in terms of suitable modular invariants. A
classification of all inequivalent Jacobian elliptic fibrations, with explicit Weierstrass
models, is also included. Additionally, we explore the connection between these
families and dual K3 families related via the Nikulin construction.
1. Introduction and summary of results
Let X be a smooth algebraic K3 surface over the field of complex numbers. Denote
by NS(X ) the Ne´ron-Severi lattice of X . This is known to be an even lattice of
signature (1, pX − 1), where pX denotes the Picard rank of X , with 1 ≤ pX ≤ 20. In
this context, a lattice polarization [15,48–51] on X is, by definition, a primitive lattice
embedding i∶P ↪ NS(X ), with i(P) containing a pseudo-ample class. Here, P is a
choice of even lattice of signature (1, r), with 0 ≤ r ≤ 19. Two P-polarized K3 surfaces
(X , i) and (X ′, i′) are said to be isomorphic1, if there exists an analytic isomorphism
α∶ X → X ′ and a lattice isometry β ∈ O(P ), such that α∗ ○ i′ = i ○ δ, where α∗ is the
appropriate morphism at cohomology level. In general, P-polarized K3 surfaces are
classified, up to isomorphism, by a coarse moduli space MP, which is known [16] to
be a quasi-projective variety of dimension 20 − r. A generic P-polarized K3 surface
(X , i) satisfies i(P) = NS(X ).
A special case for the above discussion is given by the polarizations by the rank-
ten lattice H ⊕N. Here H represents the standard hyperbolic lattice of rank two and
N is the rank-eight Nikulin lattice; see [46, Def. 5.3]. The moduli space MH⊕N is
ten-dimensional. A polarization by the lattice H ⊕N is known [64] to be equivalent
with the existence of a canonical VanGeemen-Sarti involution X ∶X → X on the K3
surface X , i.e., a symplectic involution that is given by fiber-wise translations, by
a section of order-two, in a Jacobian elliptic fibration on X ; the fibration is usually
referred to as alternate fibration. If one factors X by the involution X and then
resolves the eight occurring singularities2, a new K3 surface Y is obtained, related to
X via a rational double-cover map X ⇢ Y . The surface Y also has a canonical Van
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It is slightly more general than the one used in [16, Sec. 1].
2This construction is referred to in the literature as the Nikulin construction.
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Geemen-Sarti involution Y and in turn carries a H⊕N-lattice polarization. Moreover,
if one repeats the Nikulin construction on Y, the original K3 surface X is recovered.
The two surface X and Y are related via dual birational double-cover maps:
(1.1) XX
''
33❲ ❩ ❴ ❡ ❣Y Y
xx
ss ❲❩❴❡❣
We shall refer to this correspondence as the Van Geemen-Sarti-Nikulin duality. It
determines an interesting involution, at the level of moduli spaces:
(1.2) ıvgsn∶ MH⊕N →MH⊕N , with ıvgsn ○ ıvgsn = id .
Let us turn to the main content of the present article: the focus of the paper is the
study of K3 surfaces polarized by rank-fourteen lattices of so-called two-elementary
type. As Kondo proved [33], Picard rank fourteen is the first instance when there
exist more than one two-elementary, primitive sub-lattice of the K3 lattice. The three
possibilities are
(1.3) H ⊕E8(−1)⊕A1(−1)⊕4 , H ⊕E8(−1)⊕D4(−1) , H ⊕D8(−1)⊕D4(−1) .
Here, En(−1), Dn(−1), An(−1) are the negative definite even lattices associated with
their corresponding namesake root systems. For the Ne´ron-Severi lattice to be two-
elementary places implies that the automorphism group of the corresponding K3
surface X is finite [32, 33], i.e., ∣Aut(X )∣ < ∞. In fact, Kondo [33] classified the
automorphism groups of K3 surfaces X with ∣Aut(X )∣ < ∞ based on Nikulin’s classi-
fication of both the Picard lattices and the dual graphs of smooth rational curves [52].
A result of Sterk [62] guarantees that for any K3 surface X over C, and for any even
integer d ≥ −2, there are only finitely many divisor classes of self-intersection d mod-
ulo Aut(X ). Thus, on a K3 surface with two-elementary Picard lattice there are only
finitely many smooth rational curves.
The K3 surfaces of the above type are all explicitly constructible. In each case,
we introduce explicit birational models, given as projective quartic surfaces. We also
give detailed descriptions for the associated coarse moduli spaces. Classifications for
possible Jacobian elliptic fibrations, in each case, with explicit Weierstrass models,
are also provided.
The most involved case, among the three cases listed in (1.3), is the situation when
the polarizing lattice is given by
P = H ⊕E8(−1)⊕A1(−1)⊕4 .
There are actually three more isometric manifestations of P:
(1.4) H ⊕E7(−1)⊕D4(−1)⊕A1(−1) ≅ H ⊕D10(−1)⊕A1(−1)⊕2 ≅ H ⊕D6(−1)⊕2 .
The K3 surfaces polarized by the lattice P fit into a family of projective quartic
surfaces as follows:
Theorem 1.1. Let (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ∈ C10. Consider the projective surface in
P3 = P(X,Y,Z,W) defined by the homogeneous quartic equation
0 = Y2ZW − 4X3Z + 3αXZW2 + βZW3−
−1
2
(2γX − δW)(2ηX − ιW)Z2 − 1
2
(2εX − ζW)(2κX − λW)W2 .
(1.5)
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Assume that (γ, δ), (ε, ζ), (η, ι), (κ,λ) ≠ (0,0), i.e., do not vanish simultaneously.
Then, the surface X obtained as the minimal resolution of (1.5) is a K3 surface
endowed with a canonical P-polarization.
It follows that all P-polarized K3 surfaces, up to isomorphism, are realized in this way.
Moreover, one can also tell when two members of the above family are isomorphic.
Let G be the subgroup of Aut(C10) generated by the following set of transformations:
(α,β, γ, δ, ε, ζ, η, ι, κ, λ) → (α,β, ε, ζ, γ, δ, η, ι, κ, λ) ,
(α,β, γ, δ, ε, ζ, η, ι, κ, λ) → (α,β, η, ι, ε, ζ, γ, δ, κ, λ) ,
(α,β, γ, δ, ε, ζ, η, ι, κ, λ) → (α,β, γ, δ, κ,λ, η, ι, ε, ζ) ,
(α,β, γ, δ, ε, ζ, η, ι, κ, λ) → (Λ4α,Λ6β,Λ10γ,Λ12δ,Λ−2ε, ζ,Λ−2η, ι,Λ−2κ,Λ) ,
with Λ ∈ C×. Then, two K3 surfaces in the above family are isomorphic, as P-polarized
K3 surfaces, if and only if their coefficient 10-tuples belong to the same orbit, under
the action of G. This fact leads to the definition of the following invariants:
J4 = α , J ′4 = γεηκ , J6 = β ,
J ′6 = γε(ικ + ηλ) + ηκ(γζ + δε) ,
J8 = (γζ + δε)(ικ + ηλ) + δζηκ + γειλ ,
J10 = δζ(ικ + ηλ) + ιλ(γζ + δε) , J12 = δζιλ .
These seven invariants may be interpreted as a weighted-projective point, i.e.,
[J4 ∶ J ′4 ∶ J6 ∶ J ′6 ∶ J8 ∶ J10 ∶ J12] ∈WP(4,4,6,6,8,10,12) ,
associated to a P-polarized K3 surface. In this context, the following theorem holds:
Theorem 1.2. The six-dimensional open analytic space MP′ , given by
{ [J4 ∶ J ′4 ∶ J6 ∶ J ′6 ∶ J8 ∶ J10 ∶ J12] ∈WP(4,4,6,6,8,10,12) ∣ (J ′4, J ′6, J8, J10, J12) ≠ 0⃗ } ,
forms a coarse moduli space for P-polarized K3 surfaces.
Should one set J ′4 = 0 in the above context, one obtains an enhancement of the
polarization to the rank-fifteen lattice:
H ⊕E8(−1)⊕D4(−1)⊕A1(−1) ≅ H ⊕E7(−1)⊕D6(−1) ≅ H ⊕D12(−1)⊕A1(−1) .
And given J ′4 = J
′
6 = 0, the lattice polarization becomes:
(1.6) H ⊕E8(−1)⊕D6(−1) ≅ H ⊕E7(−1)⊕E7(−1) ≅ H ⊕D14(−1) .
The case (1.6) was studied at length in earlier work [11, 12] by the authors.
K3 surfaces with P-polarization also provide an interesting case to study from the
point of view of the Van Geemen-Sarti-Nikulin duality. One has a canonical lattice
embedding H ⊕ N ↪ P, which is unique, up to an isometry of P. Therefore, any
P-polarized K3 surface also carries an underlying H ⊕N-polarization. This leads to
a canonical embedding
MP ↪ MH⊕N ,
which realizes MP as a six-dimensional sub-variety inside the ten-dimensional quasi-
projective moduli space MH⊕N. It is then natural to ask: what are the VanGeemen-
Sarti-Nikulin duals to P-polarized K3 surfaces? As it turns out, the answer is quite
interesting:
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Theorem 1.3. Let (X , i) be a P-polarized K3 surface. The surface X carries a
canonical VanGeemen-Sarti involution jX ∈ Aut(X ). Denote by Y the new K3 surface
obtained after applying the Nikulin construction in the context of jX . Then, Y is the
minimal resolution of a double cover of P2 branched over three distinct concurrent
lines and a cubic curve.
Surfaces Y from above form a special class of double sextic K3 surfaces and constitute
the family polarized by the lattice R = H ⊕D4(−1)⊕3. The converse of Theorem 1.3
also holds: given a cubic and three concurrent lines in P2, the K3 surface obtained
as minimal resolution of the projective double cover with branch locus given by this
curve configuration is the VanGeemen-Sarti-Nikulin dual of a K3 surface with a P-
polarization. Moreover, the duality correspondence can be made completely explicit,
as one can read the invariants [J4 ∶ J ′4 ∶ J6 ∶ J ′6 ∶ J8 ∶ J10 ∶ J12] in terms of the coefficients
of the three lines and the cubic curve. Should we restrict to the case J ′4 = 0 or
(J ′4, J ′6) = (0,0), the sextic curve configuration on the dual side gets enhanced slightly
- the cubic curve acquires a point of tangency or a singularity, respectively, at one of
the points of intersection with the three lines.
Let us also consider the second rank-fourteen two-elementary lattice in (1.4), i.e.,
P′ = H ⊕D8(−1)⊕D4(−1) .
K3 surfaces with this lattice polarization can also be described via a quartic family:
Theorem 1.4. Let (f0, f1, f2, g0, h0, h1, h2) ∈ C7. Consider the projective surface in
P3 = P(X,Y,Z,W) defined by the homogeneous quartic equation
0 = Y2ZW − 4X3Z − 2(f0ZW + g0W2 + h0Z2)Z2 −
− 4(f1ZW − h2W2 + h1Z2)XZ − 8(f2ZW +W2 + h2Z2)X2 .
(1.7)
Then, assuming that (f1, f2, g0, h0, h1, h2) ≠ 0⃗, the surface X ′ obtained as the minimal
resolution of (1.7) is a K3 surface endowed with a canonical P′-polarization.
All P′-polarized K3 surfaces are isomorphic with members of the above family. And, in
a manner similar to the case of a P-polarization, one may control when two members
of the family are isomorphic, as lattice polarized surfaces. In order to see this, we
define the following invariants:
(1.8)
J2 = f2, J6 = f1, J8 = g0 + h1 − h22, J10 = f0,
J12 = g0h2 − h1h2 + h0, J16 = g0h1 − h0h2, J20 = g0h0.
Let then G′ ≃ C× be the subgroup of Aut(C7) given by the transformation
(J2,J6,J8,J10,J12,J16,J20) → (Λ2J2, Λ6J6, Λ8J8, Λ10J10, Λ12J12, Λ16J16, Λ20J20) ,
with Λ ∈ C×. Then, two K3 surfaces from the quartic family in Equation (1.7) are
isomorphic as P′-polarized K3 surfaces, if and only if their coefficients belong to the
same orbit under the action of G′. We obtain:
Theorem 1.5. The six-dimensional open analytic space MP′ , given by
{ [J2 ∶ J6 ∶ J8 ∶ J10 ∶ J12 ∶ J16 ∶ J20] ∈WP(2,6,8,10,12,16,20) ∣ (J6,J8,J10,J12,J16,J20) ≠ 0⃗ } ,
forms a coarse moduli space for P′-polarized K3 surfaces.
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P′-polarized K3 surfaces also form an interesting study case for the VanGeemen-Sarti-
Nikulin duality. A unique canonical primitive lattice embedding H ⊕N ↪ P′ exists,
and hence, any P′-polarized K3 surface carries an underlying H⊕N-polarization. One
has therefore an embedding
MP′ ↪ MH⊕N .
However, in contrast to the P-polarized case, the sub-variety MP′ is left invariant by
the VanGeemen-Sarti-Nikulin duality. The VanGeemen-Sarti-Nikulin dual of a given
P′-polarized K3 surface is again a P′-polarized surface. This involution, denoted by
ı′∶ MP′ → MP′ , with ı′ ○ ı′ = id ,
is given by:
(1.9) ı′ ∶
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝
J2 ↦ −J2 ,
J6 ↦ J6 + 110J
3
2 ,
J8 ↦ J8 − 12J6J2 −
1
40
J 42 ,
J10 ↦ −J10 − 120J6J
2
2 −
1
400
J 52 ,
J12 ↦ −J12 + 12J10J2 −
3
20
J8J 22 +
1
4
J 26 +
3
40
J6J 32 +
1
400
J 62 ,
J16 ↦ J16 + 110J12J
2
2 −
1
2
J10J6 − 120J10J
3
2 +
3
400
J8J 42
− 1
40
J 26 J
2
2 −
3
800
J6J 52 −
3
3200
J 82 ,
J20 ↦ −J20 − 120J16J
2
2 −
1
400
J12J 42 +
1
4
J 210 +
1
40
J10J6J 22 +
1
800
J10J 52
− 1
8000
J8J 62 +
1
1600
J 26 J
4
2 +
1
16000
J6J 72 +
1
800000
J 102 .
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠
The self-dual locus is given by
(1.10) J2 = 0 , J10 = 0 , J20 = 0 , J 26 − 8J12 = 0 .
Lastly, we consider the third rank-fourteen lattice in (1.4), namely the lattice
(1.11) P′′ = H ⊕E8(−1)⊕D4(−1) ≅ H ⊕D12 .
This case was previously studied by Vinberg [66]. Following Vinberg’s notation, we
start with a 7-tuple (f1,2, f2,2, f1,3, f2,3, f3,3, g1, g3) ∈ C7. We consider the projective
surface Q′′(f1,2, f2,2, f1,3, f2,3, f3,3, g1, g3) in P3 = P(x0,x1,x2,x3) defined by the homo-
geneous quartic equation
(1.12) x20x2x3 − 4x
3
1x3 − x
4
2 − x1x
2
3 g(x0,x1,x3) − x2x3 f(x1,x2,x3) = 0 ,
with
(1.13) g = g1x1 + g3x3 , f = f12x1x2 + f22x22 + f13x1x3 + f23x2x3 + f33x23 .
One then has:
Theorem 1.6. Assume that (f1,3, f2,3, f3,3, g1, g3) ≠ 0⃗. The minimal resolution of the
quartic surface Q′′(f1,2, f2,2, f1,3, f2,3, f3,3, g1, g3) is a K3 surface X ′′ endowed with a
canonical P′′-polarization. Conversely, every P′′-polarized K3 surface has a birational
projective model of type Q′′(f1,2, f2,2, f1,3, f2,3, f3,3, g1, g3).
Using the above format, a set of invariants classifying P′′-polarized K3 surfaces can
be defined. One sets
J4 = f1,2 , J6 = f2,2 , J8 = g1 , J10 = f1,3 , J12 = f2,3 , J16 = g3 , J18 = f3,3 .
Then, the following result holds:
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Theorem 1.7. The six-dimensional open analytic space MP′′ , given by
(1.14)
{ [J4 ∶J6 ∶J8 ∶J10 ∶J12 ∶J16 ∶J18] ∈WP(4,6,8,10,12,16,18) ∣
(J8,J10,J12,J16,J18) ≠ 0⃗ } ,
forms a coarse moduli space for P′′-polarized K3 surfaces.
Should one set J16 = 0 in the above context, the P′′-polarization is enhanced to
H⊕E8(−1)⊕D5(−1). Furthermore, the locus given by J16 = J18 = 0 corresponds to
H⊕E8(−1)⊕D6(−1)-polarized K3 surfaces. The latter case was previously studied by
the authors in [3]. Finally, we note that P′′-polarized K3 surfaces have no significance
from the point of view of the VanGeemen-Sarti-Nikulin duality, as the rank-ten lattice
H ⊕N has no embedding in P′′.
1.1. Motivation and general overview. This article extends previous work of the
authors and their collaborators for K3 surfaces of high Picard rank [2–4, 6, 8–14, 19,
39–42]. The present study also builds on several other works [17, 18, 21–24, 26, 27,
35–37,45,46,49,56]. The nontrivial connection between families of K3 surfaces, their
polarizing lattices, and compatible automorphic forms appears in string theory as
the eight-dimensional manifestation of the phenomenon called the F-theory/heterotic
string duality. This viewpoint has been studied in [5, 12, 20, 28, 29, 40, 41].
In Picard rank eighteen, a Kummer surface Y = Kum(E1 ×E2) associated with two
non-isogenous elliptic curves E1,E2 admits several inequivalent elliptic fibrations; see
[37, 56]. It follows3 that these Kummer surfaces are polarized by the rank-eighteen
lattice
H ⊕E8(−1)⊕D4(−1)⊕2 ≅ H ⊕D12(−1)⊕D4(−1) ≅ H ⊕D8(−1)⊕2 .
The surfaces Y admit an alternate fibration with a Mordell-Weil group that contains
a two-torsion section, and a Van Geemen-Sarti involution can be constructed. New
K3 surfaces X are then obtained via the Nikulin construction. We shall refer to X
as the Inose K3 surfaces as they admit a birational model isomorphic to a projective
quartic surface introduced by Inose [25]. They are polarized by the rank-eighteen
lattice H ⊕E8(−1)⊕E8(−1); see [6].
The entire picture generalizes to Picard rank seventeen: here, the elliptic fibrations
on the generic Jacobian Kummer surfaces Y were classified in [36], and the Kummer
surfaces are polarized by the lattice4
H ⊕D7(−1)⊕D4(−1)⊕2 ≅H ⊕D8(−1)⊕D4(−1)⊕A3(−1) .
The (generalized) Inose K3 surfaces X are obtained in a similar manner as before
and polarized by the rank seventeen lattice H ⊕ E8(−1) ⊕ E7(−1); the details may
be found in [8, 9, 35]. The Inose K3 surfaces X can also be viewed as K3 surfaces
admitting Shioda-Inose structures ; see [46, 58, 61].
Aspects of this construction were generalized for K3 surfaces of lower Picard rank in
[3,8,11,30]. Since there are no Kummer surfaces of Picard rank lower than seventeen,
3There is an elliptic fibration with trivial Mordell-Weil group and singular fibers II∗ + 2I∗
0
+ 2I1,
labelled J9 in [37]. In addition, fibrations J10, J11 provide the equivalent descriptions of the lattice.
4This follows from the existence of fibrations (15) and (17) in [36].
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rank Inose K3 surfaceX double sextic K3 surfaceY
polarizing lattice & discriminant polarizing lattice & construction
applicable moduli in Theorems 1.1 and 1.2
ρ = 14 H ⊕E8(−1)⊕A1(−1)⊕4 H ⊕D4(−1)⊕3
D = Z32 double sextic of 3 lines and cubic[J4 ∶ J ′4 ∶ J6 ∶ J ′6 ∶ J8 ∶ J10 ∶ J12] or (α,β, γ, δ, ε, ζ, η, ι, κ, λ)
ρ = 15 H ⊕E8(−1)⊕D4(−1)⊕A1(−1) H ⊕D5(−1)⊕D4(−1)⊕2
D = Z32 double sextic of 3 lines and tangent cubic
J ′4 = 0 or (κ,λ) = (0,1)
ρ = 16 H ⊕E8(−1)⊕D6(−1) H ⊕D6(−1)⊕D4(−1)⊕2
D = Z22 double sextic of 6 lines
J ′4 = J ′6 = 0 or (η, ι) = (κ,λ) = (0,1)
ρ = 17 H ⊕E8(−1)⊕E7(−1) H ⊕D7(−1)⊕D4(−1)⊕2
D = Z2 Jacobian Kummer surface
J ′4 = J ′6 = J8 = 0 or (η, ι) = (κ,λ) = (ǫ, ζ) = (0,1)
ρ = 18 H ⊕E8(−1)⊕E8(−1) H ⊕E8(−1)⊕D4(−1)⊕2
D = {I} Kummer surface Kum(E1 ×E2)
J ′4 = J ′6 = J8 = J10 = 0 or (η, ι) = (κ,λ) = (ǫ, ζ) = (γ, δ) = (0,1)
Figure 1. VanGeemen-Sarti-Nikulin duality for K3 surfaces
those needed to be replaced by other K3 surfaces; a suitable choice for Picard rank
sixteen turned out to be the surfaces Y obtained as double covers of the projective
plane branched over the union of six lines. In this way, the rank-seventeen case is
recovered by making the six lines tangent to a common conic. The surfaces Y are
polarized5 by the lattice H ⊕D6(−1)⊕D4(−1)⊕2. Their moduli are well understood
and are related to Abelian fourfolds of Weil type [38,63]. Via the VanGeemen-Sarti-
Nikulin duality one obtains the (generalized) Inose K3 surfaces X of Picard rank
sixteen which are polarized by the lattice H ⊕E8(−1)⊕D6(−1); see [11].
There are several commonalities among all previous cases: (i) the double sextic
K3 surfaces Y have a concrete geometric description derived from special reducible
sextics that form their branch loci; (ii) the Inose K3 surfaces X are polarized by simple
lattices in the sense that their discriminant groups D are self-products of Z2. The
present article generalizes this construction to Picard ranks 14 and 15. We summarize
the extended picture in Figure 1.
In the situation above, a description of the moduli space for Picard rank seventeen
and sixteen in terms of suitable Siegel modular forms or automorphic forms was given
in [3, 47, 65, 67]. Let us also connect our previous discussion with Vinberg’s seminal
work in [66]: considering algebras of automorphic forms on the bounded symmetric
domains of type IV , the author constructed families of K3 surfaces of Picard rank
20 − n for 4 ≤ n ≤ 7 whose moduli spaces have a function field freely generated by
the modular forms on the n-dimensional symmetric domain Dn = DIV (n) of type IV
with respect to the lattice Γn = O(2, n;Z)+, i.e., all matrices with integer entries in
5This follows from the existence of fibration (2.10) in [30].
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O(2, n)+. here, the plus sign refers to a certain index-two subgroup of the pseudo-
orthogonal group O(2, n). The natural algebra of automorphic forms A(Dn,Γn) on
Dn with respect to Γn is freely generated by forms of the weights indicated in the
following table:
(1.15)
n weights
4 4,6,8,10,12
5 4,6,8,10,12, 18
6 4,6,8,10,12, 16,18
7 4,6,8,10,12, 14,16, 18
The corresponding K3 surfaces were obtained as families of quartic projective surfaces
in [66]. As we will prove in Theorem 3.9, these families of K3 surfaces are polarized
by the following lattices:
(1.16)
n polarizing lattice
4 H ⊕E8(−1)⊕D6(−1)
5 H ⊕E8(−1)⊕D5(−1)
6 H ⊕E8(−1)⊕D4(−1)
7 H ⊕E8(−1)⊕A3(−1)
We will prove in Theorem 3.9 that for 5 ≤ n ≤ 7 the corresponding K3 surfaces
admit exactly two Jacobian elliptic fibrations, both with a trivial Mordell-Weil group.
Since there is no elliptic fibration with a Mordell-Weil group containing a two-torsion
section, there is no notion of VanGeemen-Sarti-Nikulin duality in this case. However,
for n = 4, the Vinberg family coincides with the family in Equation (1.5) for (η, ι) =
(κ,λ) = (0,1); see Proposition 3.10. The invariants defined in Theorem 1.2 are then
precisely the generators of A(D4,Γ4) in Equation (1.15) defined by Vinberg. The
explicit expressions for these generators in terms of automorphic forms and theta
function were given in [3, 43, 44] and are a direct consequence of the coincidence of
two different bounded symmetric domains, namely the domains DIV (4) and I2,2.
This article is structured as follows: In Section 2 we carry out a brief lattice-
theoretic investigation regarding the possible Jacobian elliptic fibrations appearing
on the surfaces X , X ′, and X ′′ in Theorems 1.1, 1.4, and 1.6, respectively. We
then show that the existence of an alternate fibration on X and X ′ allows for the
construction of their coarse moduli spaces. In Section 3 we construct birational
projective models for the K3 surfaces X , X ′, and X ′′ with Ne´ron-Severi lattices P, P′,
and P′′, respectively. We also classify and construct all inequivalent Jacobian elliptic
fibrations with explicit Weierstrass models in each case. In Section 4 we determine
the dual graphs of smooth rational curves and their intersection properties on the
K3 surfaces with Ne´ron-Severi lattices P, P′, and P′′, respectively. In Section 5 we
construct the family of K3 surfaces Y, obtained from the family of Inose K3 surfaces
X using the VanGeemen-Sarti-Nikulin duality. In Section 6 we collect and combine
the results from the previous sections and state the main results of this article. In
Appendix A and B we determine the graph of all smooth rational curves on the K3
surface X for Picard ranks 15 and 16.
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2. Lattice theoretic considerations for certain K3 surfaces
We start with a brief lattice-theoretic investigation regarding the possible Jacobian
elliptic fibration structures appearing on the surface X , X ′, and X ′′ . Recall that a
Jacobian elliptic fibration on X is a pair (π,σ) consisting of a proper map of analytic
spaces π ∶ X → P1, whose generic fiber is a smooth curve of genus one, and a section
σ ∶ P1 → X in the elliptic fibration π. If σ′ is another section of the Jacobian fibration
(π,σ), then there exists an automorphism of X preserving π and mapping σ to σ′.
One can then realize an identification between the set of sections of π and the group
of automorphisms of X preserving π. This is the Mordell-Weil group MW(π,σ) of
the Jacobian fibration. As we shall see, the existence of an alternate fibration on X
and X ′ allows for the construction of their coarse moduli spaces.
2.1. K3 surfaces with finite automorphism groups. We first state the following
lemma:
Lemma 2.1. Let X be a generic L-polarized K3 surface where L is one of the following
lattices with the given rank, signature sign, and discriminant group D(L):
(2.1)
L rank sign D(L)
H ⊕E7(−1)⊕D6(−1) 15 (1,14) Z32
H ⊕E8(−1)⊕D4(−1) 14 (1,13) Z22
H ⊕D8(−1)⊕D4(−1) 14 (1,13) Z42
H ⊕E8(−1)⊕A1(−1)⊕4 14 (1,13) Z42
H ⊕E8(−1)⊕A3(−1) 13 (1,12) Z4
Let (π,σ) be a Jacobian elliptic fibration on X . Then, the Mordell-Weil group has
finite order. In particular, we have
(2.2) rankMW(π,σ) = 0 .
Proof. For a given NS(X ), it follows, via work of Nikulin [50,53–55] and Kondo [32],
that the group of automorphisms of X is finite. In fact, we have Aut(X ) ≃ Z2 × Z2
for the first four cases and Aut(X ) ≃ Z2 for the last one. In particular, any Jacobian
elliptic fibration on X must have a Mordell-Weil group of finite order and cannot
admit any infinite-order section. 
We first discuss the case L = H⊕E7(−1)⊕D6(−1). Let X be a generic L-polarized K3
surface. Given a Jacobian elliptic fibration (π,σ) on X , the classes of fiber and section
span a rank-two primitive sub-lattice of NS(X ) which is isomorphic to the standard
rank-two hyperbolic lattice H . The converse also holds: given a primitive lattice
embedding H ↪ NS(X ) whose image contains a pseudo-ample class, it is known from
[7, Thm. 2.3] that there exists a Jacobian elliptic fibration on the surface X , whose
fiber and section classes span H . Moreover, one has a one-to-one correspondence
between isomorphism classes of Jacobian elliptic fibrations on X and isomorphism
classes of primitive lattice embeddings H ↪ NS(X ) modulo the action of isometries
of H2(X ,Z) preserving the Hodge decomposition [6, Lemma 3.8]. These are standard
and well-known results; see also the general discussion in [33, 57].
Let us then investigate the possible primitive lattice embeddings H ↪ L. Assume
j∶H ↪ L is such an embedding. Denote by KL = j(H)⊥ the orthogonal complement in
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L. It follows that L = j(H)⊕KL. The lattice KL is negative-definite of rank fourteen
and has the discriminant group and form
(2.3) (D(KL), qKL) ≃ (D(L), qL) ≃ (Z2 ⊕Z2 ⊕ Z2, (1/2)⊗ (1/2)⊗ (1/2)) .
Using Nikulin’s classification theory [50, 53], the isomorphism classes of embeddings
H ↪ L are in one-to-one correspondence with even, negative-definite, rank-fourteen
lattices K, satisfying condition (2.3).
Going back to a choice of embedding j∶H ↪ L, we denote by KrootL the sub-lattice
spanned by the roots of KL, i.e., the algebraic class of self-intersection −2 in KL. Let
Σ ⊂ P1 be the set of points on the base of the elliptic fibration π that correspond
to singular fibers. For each singular point p ∈ Σ, we denote by Tp the sub-lattice
spanned by the classes of the irreducible components of the singular fiber over p
that are disjoint from the section σ of the elliptic fibration. Standard K3 geometry
arguments tell us that KrootL is of ADE-type, meaning for each p ∈ Σ the lattice Tp is
a negative definite lattice of type Am, Dm and El, and we have
(2.4) KrootL =⊕
p∈Σ
Tp .
We also introduce
(2.5) W = KL/KrootL .
Shioda [60] proved that there is a canonical group isomorphism W ≃ MW(π,σ),
identifying W with the Mordell-Weil group of the corresponding Jacobian elliptic
fibration (π,σ). We have the following:
Lemma 2.2. In the situation described, the only possible choices for KrootL are
KL = E7(−1)⊕D6(−1) , E8(−1)⊕D4(−1)⊕A1(−1) , D12(−1)⊕A1(−1) ,
if W = {I}, and KrootL =D10(−1)⊕A1(−1)⊕3 if W = Z/2Z.
Proof. Because of Lemma 2.1 it follows that W must be finite. Moreover, via
(2.6) KL/KrootL ↪ (KrootL )∗/KrootL ,
the group W can be identified as a subgroup of the discriminant group D(KrootL ),
isotropic with respect to the discriminant form qKroot
L
. Probing for the possible choices
of lattice KL, we explore therefore two cases:
Case I: W = {I}. This corresponds to KL = KrootL . We are then searching for
rank-thirteen ADE-type lattices KL with
(D(KL), qKL) ≃ (Z2 ⊕Z2 ⊕ Z2, (1/2) ⊗ (1/2) ⊗ (1/2)) .
A look at the classical ADE-type lattice discriminant form list reveals that only three
lattices fit the bill. These are KL = E7(−1)⊕D6(−1), E8(−1)⊕D4(−1)⊕A1(−1), and
D12(−1)⊕A1(−1).
Case II:W ≠ {I}. This corresponds to the case when KrootL is a sub-lattice of positive
index in KL. The following condition must be then satisfied:
(2.7) ∣D(KrootL )∣ = ∣D(KL)∣ ⋅ ∣W ∣2 = 4∣W ∣2 .
In [59], Shimada provides a complete list of pairs (Kroot,W) that occur in Jacobian
elliptic K3 surfaces for finite W . According to Shimada’s list, there are 274 cases of
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ADE-type lattices in rank thirteen, together with the possible groups W : one first
eliminates all the cases with W = {I}. For the remaining cases, we compute the
determinant of the discriminant form and check whether it equals 4. Only one case
remains which satisfies condition (2.7) for W ≠ {I}. This is KL =D10(−1)⊕A1(−1)⊕3
with W = Z/2Z. 
Lemma 2.2 immediately implies:
Proposition 2.3. A generic L-polarized K3 surface with L = H ⊕E7(−1) ⊕D6(−1)
admits exactly four inequivalent Jacobian elliptic fibrations (π,σ), up to isomorphism,
with (KrootL ,MW(π,σ)) given by Lemma 2.2.
Next, we consider the situation of Picard rank fourteen. As a reminder, a lattice
is called two-elementary if its discriminant group is a self-product of Z2. Kondo
proved in [32] that there are exactly three rank-fourteen, two-elementary, primitive
sub-lattices of the K3 lattice. These are the lattices of rank 14 in Lemma 2.1, i.e.,
(2.8) H ⊕E8(−1)⊕D4(−1) , H ⊕D8(−1)⊕D4(−1) , H ⊕E8(−1)⊕A1(−1)⊕4 .
We observe that there are two different two-elementary lattices whose determinant of
the discriminant form is 24, but they have different parity, as defined in [15, 32].
We consider the lattice P′′ = H ⊕ E8(−1) ⊕ D4(−1). As before, we denote by
KP′′ = j(H)⊥ the orthogonal complement in P′′ of a primitive lattice embedding. The
lattice KP′′ is negative-definite of rank twelve and has the discriminant group and
form
(2.9) (D(KP′′), qK
P′′
) ≃ (Z2 ⊕ Z2, (1/2) ⊗ (1/2)) .
One easily finds the analogue of Proposition 2.3:
Proposition 2.4. A generic P′′-polarized K3 surface admits exactly two inequivalent
Jacobian elliptic fibrations (π,σ), up to isomorphism, with (KrootP′′ ,MW(π,σ)) given
by
E8(−1)⊕D4(−1) , D12(−1) ,
if MW(π,σ) = {I}. Moreover, there is no fibration with MW(π,σ) ≠ {I}.
Lemma 2.1 is also valid for a larger lattice of Picard rank thirteen containing P′′;
Proposition 2.4 generalizes as follows:
Proposition 2.5. A generic K3 surface polarized by the lattice H⊕E8(−1)⊕A3(−1)
admits exactly two inequivalent Jacobian elliptic fibrations (π,σ), up to isomorphism,
with (Kroot,MW(π,σ)) given by
E8(−1)⊕D3(−1) , D11(−1) ,
if MW(π,σ) = {I}. Moreover, there is no fibration with MW(π,σ) ≠ {I}.
Proof. We proved in Lemma 2.1 that a K3 surface with H ⊕ E8(−1) ⊕ A3(−1)-
polarization has a finite automorphism group. Thus, every Jacobian elliptic fibration
supported on it must have a finite Mordell-Weil group. In [59] Shimada provides a
complete list of pairs of pairs (Kroot,W) that occur in Jacobian elliptic K3 surfaces,
with W finite. There are only two entries of the list where the determinant of the
discriminant form equals four. We will explicitly realize both as Jacobian elliptic
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fibrations on the Vinberg family of H ⊕ E8(−1) ⊕ A3(−1)-polarized K3 surfaces in
Theorem 3.9. 
Next, we consider the lattice P′ = H ⊕ D8(−1) ⊕ D4(−1). One easily finds the
analogue of Proposition 2.8:
Proposition 2.6. A generic P′-polarized K3 surface admits exactly two inequivalent
Jacobian elliptic fibrations (π,σ), up to isomorphism, with (KrootP′ ,MW(π,σ)) given
by D8(−1)⊕D4(−1) if MW(π,σ) = {I} and E7(−1)⊕A1(−1)⊕5 if MW(π,σ) = Z/2Z.
Proof. Because of Lemma 2.1 it follows that W must be finite. In [59] Shimada
provides a complete list of pairs (Kroot,W) that occur for Jacobian elliptic K3 surfaces
with W finite. In Shimada’s list, we readily find D8(−1) ⊕ D4(−1) with W = {I}.
There is only one other case in Shimada’s list whose discriminant group has the
same parity and the determinant of the discriminant form is 24, namely the case
KrootP′ = E7(−1) ⊕ A1(−1)⊕5 if W = Z/2Z. Several realizations of the family of P′-
polarized K3 surfaces were provided in [1], namely as surfaces in weighted projective
three-space with weights of the projective variables given by (2,4,5,9), (2,5,6,13),
or (2,6,7,15). It was proven in [1, Case (2,4,5,9)] that K3 surfaces with the alternate
elliptic fibration admit a P′-lattice polarization. 
We make the following:
Remark 2.7. In [1, Table 3] one checks that the families of P′-polarized K3 surfaces
and P′′-polarized K3 surfaces are on Reids list of “Famous 95 Families” of Gorenstein
K3 surfaces which occur as surfaces in weighted projective three-space. Moreover, one
can find among the many results in [1] their transcendental lattices: for generic P′-
polarized K3 surfaces, it is H ⊕H(2)⊕D4(−1); for generic P′′-polarized K3 surfaces,
it is H ⊕H ⊕D4(−1).
For the lattice
(2.10) P = H ⊕E8(−1)⊕A1(−1)⊕4 ≅ H ⊕E7(−1)⊕D4(−1)⊕A1(−1) ,
we denote by KP = j(H)⊥ the orthogonal complement in P of a primitive lattice
embedding H ↪ P as before. The lattice KP is negative-definite of rank twelve and
has the discriminant group and form
(2.11) (D(KP), qKP) ≃ (D(P), qP) ≃ (Z2⊕Z2⊕Z2⊕Z2, (1/2)⊗ (1/2)⊗ (1/2)⊗ (1/2)) .
Lemma 2.2 and Proposition 2.3 generalize, and we have the following:
Proposition 2.8. A generic P-polarized K3 surface admits exactly five inequivalent
Jacobian elliptic fibrations (π,σ), up to isomorphism, with (KrootP ,MW(π,σ)) given
by
D6(−1)⊕D6(−1) , D10(−1)⊕A1(−1)⊕2 ,
E7(−1)⊕D4(−1)⊕A1(−1) , E8(−1)⊕A1(−1)⊕4 ,
if MW(π,σ) = {I}, and KrootP =D8(−1)⊕A1(−1)⊕4 if MW(π,σ) = Z/2Z.
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2.2. The construction of coarse moduli spaces. When a K3 surface X admits
a Jacobian elliptic fibration with a two-torsion section, then X admits a special
Nikulin involution, called Van Geemen-Sarti involution; see [64]. When quotient-
ing by this involution, denoted by X , and blowing up the fixed locus, one obtains a
new K3 surface Y together with a rational double cover map Φ∶X ⇢ Y. In general,
a VanGeemen-Sarti involution X does not determine a Hodge isometry between the
transcendental lattices TX (2) and TY . However, Van Geemen-Sarti involutions al-
ways appear as fiber-wise translation by two-torsion in a suitable Jacobian elliptic
fibration πX ∶ X → P1 which we call the alternate fibration; see [13] for the nomencla-
ture. Moreover, the construction also induces a Jacobian elliptic fibration πY ∶ Y → P1
on Y which in turn also admits a two-torsion section as well. Thus, we obtain the
following diagram:
(2.12) XX
''
πX
  
❅❅
❅❅
❅❅
❅❅
Φ
33❳ ❩ ❪ ❴ ❛ ❞ ❢ Y Y
xx
πY
⑦⑦
⑦⑦
⑦⑦
⑦
Φˇ
ss ❳❩❪❴❛❞❢
P
1
As mentioned in the introduction, we will refer to the construction of Diagram (2.12)
as VanGeemen-Sarti-Nikulin duality. We make the following:
Remark 2.9. Consider the families of K3 surfaces polarized by the rank-fourteen
lattices in Equation (2.8). Only in the cases of Propositions 2.8 and 2.6 is there
a Jacobian elliptic fibration with a two-torsion section, i.e., an alternate fibration,
allowing for the construction of a VanGeemen-Sarti-Nikulin duality.
2.2.1. The case of P-polarized K3 surfaces. First, we specialize to the case where
the Jacobian elliptic K3 surface X has one singular fiber of type at I∗2n with n ≥ 2
and a two-torsion section. Here, we are using the Kodaira classification for singular
fibers for Jacobian elliptic fibrations [31]. A Weierstrass model for such a fibration
πX ∶ X → P1 – with fibers in P2 = P(x, y, z) varying over P1 = P(u, v) – is given by
(2.13) X ∶ y2z = x3 + vA(u, v)x2z + v4B(u, v)xz2 ,
where A and B are polynomials of degree three and four, respectively. If the Weier-
strass model is minimal, the polynomial A(t,1) always has a non-vanishing cubic
coefficient. The fibration admits the section σ ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0] and the
two-torsion section [x ∶ y ∶ z] = [0 ∶ 0 ∶ 1], and has the discriminant
(2.14) ∆X = v10B(u, v)2 (A(u, v)2 − 4v2B(u, v)) .
On the elliptic fibration (2.13) the translation by two-torsion acts fiberwise as
(2.15) X ∶ [x ∶ y ∶ z]↦ [v4B(u, v)xz ∶ −v4B(u, v)yz ∶ x2]
for [x ∶ y ∶ z] /= [0 ∶ 1 ∶ 0], [0 ∶ 0 ∶ 1], and by swapping [0 ∶ 1 ∶ 0] ↔ [0 ∶ 0 ∶ 1]. This is
easily seen to be a Nikulin involution as it leaves the holomorphic two-form invariant.
Thus, X is a VanGeemen-Sarti involution.
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The minimal resolution of the quotient surface Y = X̂ /⟨X ⟩ admits the induced
elliptic fibration πY ∶ Y → P1 given by
(2.16) Y ∶ y2z = x3 − 2vA(u, v)x2z + v2(A(u, v)2 − 4v2B(u, v))xz2 ,
with the discriminant
(2.17) ∆Y = 16v6B(u, v)(A(u, v)2 − 4v2B(u, v))2 .
We make the following:
Remark 2.10. By rescaling (x, y, z) → (Λ2x,Λ3y, z) and changing u ↦ au + bv, we
can assume that A(t,1) and the sextic S(t) = A(t,1)2−4B(t,1) in Equation (2.16) are
monic polynomials of degree three and six, respectively, whose sub-leading coefficient
proportional to t2 (resp. t5) vanishes.
In the following, we will assume that the polynomials A and B are as follows:
(2.18) A(u, v) = u3 + a1uv2 + a0v3 , B(u, v) = b4u4 + b3u3v + b2u2v2 + b1uv3 + b0v4 .
We have the following:
Lemma 2.11. Generic K3 surfaces X and Y admit Jacobian elliptic fibrations πX
and πY with a Mordell-Weil group of sections Z/2Z and the singular fibers I∗4 +4I2+6I1
and I∗2 +4I1 +6I2, respectively. The singular fibers are I
∗
6 +3I2 +6I1 and I
∗
3 +3I1 +6I2
if and only if b4 = 0 and the remaining parameters are generic; the singular fibers are
I∗8 +2I2 +6I1 and I
∗
4 +2I1 +6I2 if and only if b3 = b4 = 0 and the remaining parameters
are generic.
Proof. The statements are checked directly using the Weierstrass models in Equa-
tion (2.13) and (2.16). As for the K3 surface Y, by construction the Mordell-Weil
group of Y must contain the subgroup Z/2Z. It cannot have any additional sections
of infinite order because it has Picard rank 14. Comparing with the list in [59] shows
that the Mordell-Weil group is indeed Z/2Z. 
In addition to the lattices of rank 14 given by
(2.19) P =H ⊕E8(−1)⊕A1(−1)⊕4 , R =H ⊕D4(−1)⊕3 ,
let us also consider the following lattices of rank 15 and 16 given as
(2.20) P(0) =H ⊕E8(−1)⊕D4(−1)⊕A1(−1) ⊂ P(0,0) =H ⊕E8(−1)⊕D6(−1) ,
and
(2.21) R(0) =H ⊕D5(−1)⊕D4(−1)⊕2 ⊂ R(0,0) =H ⊕D6(−1)⊕D4(−1)⊕2 .
We have the following:
Proposition 2.12. Generic K3 surfaces X and Y have the Ne´ron-Severi lattices
isomorphic to P and R, respectively. The polarizing lattices extend to the rank-fifteen
lattices P(0) on X and R(0) on Y if b4 = 0; they extend to the rank-sixteen lattices
P(0,0) on X and R(0,0) on Y if b3 = b4 = 0.
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Proof. It follows from Proposition 2.8 that X is polarized by the lattice P, from
Proposition 2.8 and Lemma 2.11 that X is polarized by the lattice P(0) if b4 = 0.
Using Lemma 2.11 and results in [8], it follows that X is polarized by the lattice
P(0,0) if b3 = b4 = 0. In Lemma 5.3 we prove that Y admits a second Jacobian elliptic
fibration with three singular fibers of type I∗0 , six singular fibers of type I1, and a
trivial Mordell-Weil group of sections. This proves that Y is polarized by the lattice
R. In Corollary 5.8 we prove that this lattice polarization extends in the stated ways
if b4 = 0 and b3 = b4 = 0, respectively. Here, we are also using Remark 5.12. Finally,
Corollary 5.8 shows that these lattice extensions happen precisely when the alternate
fibration on Y extends as stated in Lemma 2.11. 
We can decompose a monic sextic polynomial S(t) in terms of its roots {xi}6i=1 as
(2.22) S(t) = 6∏
k=1
(t − xk) .
If there is no term proportional to t5 in S(t), we must have x1 + ⋅ ⋅ ⋅ + x6 = 0. Such
a polynomial S(t) is called a Satake sextic. The roots are also called the level-two
Satake coordinate functions. The j-th power sums s2j are defined by s2j = ∑
6
k=1 x
j
k for
j = 1, . . . ,6 with s2 = 0. Since the Satake roots are considered to have weight two, s2j
has weight 2j for j = 1, . . . ,6. We introduce the equivalent invariants {j2k}6k=2 with
(2.23)
j4 = 112s4 , j6 = 112s6 , j8 = 164(4s8 − s24) ,
j10 = 1240(5s4s6 − 12s10) , j12 = 1576(3s34 − 18s4s8 − 4s26 + 24s12) .
The usefulness of the invariants {j2k}6k=2 is seen as follows:
Lemma 2.13. A Satake sextic satisfies S ∈ Z [j4, j6, j8, j10, j12][t] and
(2.24) S(t) = (t3 − 3j4t − 2j6)2 − 4(j8t2 − j10t + j12) .
Proof. A Satake sextic can be written as
(2.25) S(t) = t6 + 6∑
k=1
(−1)k
k!
bk t
6−k
where bk is the k-th Bell polynomials in the variables {s2,−s4,2!s6,−3!s8,4!s10,−5!s12}.
The proof follows from the computation of the Bell polynomials using s2 = 0. 
A comparison of the Satake sextic S(t) = A(t,1)2 − 4B(t,1) computed using the
polynomials in Equation (2.18) versus Equation (2.24) yields
(2.26)
j4 = −13a1 + 23b4 , j6 = −12a0 + b3 , j8 = b2 − a1b4 + b24 ,
j10 = a0b4 + a1b3 − b1 − 2b3b4 , j12 = b0 − a0b3 + b23 .
For consistency, we also set j′4 = b4 and j
′
6 = b3. Because of Proposition 2.8, every
P-polarized K3 surface, up to isomorphism, admits an alternate fibration that can
be brought into the form of Equation (2.13). Moreover, one can tell precisely when
two members of the family in Equation (2.13) are isomorphic. The normalization of
the coefficients in Equation (2.18) fixes the coordinates [u ∶ v] ∈ P1 completely; see
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Remark 2.10. Thus, two members are isomorphic if and only if their coefficient sets
are related by the transformation
(2.27) (j4, j′4, j6, j′6, j8, j10, j12) ↦ (Λ4j4,Λ4j′4,Λ6j6,Λ6j′6,Λ8j8,Λ10j10,Λ12j12) ,
with Λ ∈ C×. The reason is that such a rescaling, when combined with the transfor-
mation (u, v, x, y, z) ↦ (Λ4u, v,Λ6x,Λ9y, z), gives rise to a holomorphic isomorphism
of Equation (2.13). We have the following:
Theorem 2.14. The six-dimensional open analytic space MP, given by
(2.28) { [j4 ∶ j′4 ∶ j6 ∶ j′6 ∶ j8 ∶ j10 ∶ j12] ∈WP(4,4,6,6,8,10,12) ∣ (j′4, j′6, j8, j10, j12) ≠ 0⃗ },
forms a coarse moduli space for P-polarized K3 surfaces. Moreover, the coarse moduli
space for P(0)-polarized K3 surfaces is the subspace j
′
4 = 0; the coarse moduli space for
P(0,0)-polarized K3 surfaces is the subspace j
′
4 = j
′
6 = 0.
Proof. We consider the Weierstrass models in Equation (2.13) in the affine chart u = t
and v = 1. The invariants of the Satake sextic S(t) = A(t,1)2 − 4B(t,1) are given by
{j2k}6k=2. Moreover, for A(t,1) = t3 + a1t + a0 we have A(t,1)2 = t6 + 2(a1t + a0)t3 +
(a1t+a0)2. Thus, if we fix (a0, a1) or, equivalently, (b3, b4) we have determined a pair
(A(t), S(t)) uniquely. Conversely, given (A(t), S(t)) we obtain the invariants {j2k}6k=2
and (a0, a1). As explained above, every P-polarized K3 surface, up to isomorphism,
admits an alternate fibration that can be brought into the form of Equation (2.13).
Conversely, an equivalence class of invariants in Equation (2.28) determines a well
defined K3 surface as long as the Weierstrass model is irreducible and minimal.
Bringing Equation (2.13) into the standard Weierstrass normal form, we obtain
(2.29) y2z = x3 − 3v2(A(u, v)2 − 3v2B(u, v))xz2 + v3A(u, v)(2A(u, v)2 − 9v2B(u, v))z3 .
Because the polynomial A(t,1) is monic, Equation (2.29) is always minimal. However,
for B ≡ 0 the Weierstrass model becomes y2z = (x + 2vAz)(x − vAz)2. Thus, the
Weierstrass model in Equation (2.13) determines a K3 surface if and only if B does
not vanish identically. Using Equation (2.26) it follows that B vanishes identically if
and only if
(2.30) (b4, b3, j8, j10, j12) = (0,0,0,0,0) .
Because of Proposition 2.12, Equation (2.13) becomes a Jacobian elliptic fibration
on a generic P(0)-polarized K3 surface Y if b4 = 0. The last statement follows from
Proposition 2.12 and by comparison with results already proved in [3]. 
Because of Proposition 2.12 and Equation (2.16) this implies the following:
Corollary 2.15. The open analytic spaceMP is a coarse moduli space for R-polarized
K3 surfaces. Moreover, the coarse moduli space for R(0)-polarized K3 surfaces is the
subspace j′4 = 0; the coarse moduli space for R(0,0)-polarized K3 surfaces is the subspace
j′4 = j
′
6 = 0.
Remark 2.16. For j′4 = j
′
6 = 0 the invariants {j2k}6k=2 are precisely the generators of
A(D4,Γ4) in Equation (1.15) defined by Vinberg for n = 4; see Proposition 3.10.
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2.2.2. The case of P′-polarized K3 surfaces. Our approach from Section 2.2.1 can also
be used to construct a moduli space for the family of K3 surfaces of Picard rank 14
for which the types of singular fibers of the alternate fibration do not change under
the action of a VanGeemen-Sarti involution. A Weierstrass model for such a Jacobian
elliptic fibration πX ′ ∶ X ′ → P1 is given by
(2.31) y2z = x3 + v2C(u, v)x2z + v3D(u, v)xz2 ,
where C andD are polynomials of degree two and five, respectively. If the Weierstrass
model is minimal, the polynomial D(t,1) has a non-vanishing quintic coefficient. The
fibration obviously admits the section σ ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0] and the two-torsion
section [x ∶ y ∶ z] = [0 ∶ 0 ∶ 1], and it has the discriminant
(2.32) ∆X ′ = v9D(u, v)2(v C(u, v)2 − 4D(u, v)) .
As explained before, on the Jacobian elliptic fibration (2.31) the fiberwise translation
by the two-torsion section acts as a VanGeemen-Sarti involution which we will denote
by X ′ . The minimal resolution of the quotient surface X ′/⟨X ′⟩ is a K3 surface Y ′
admitting an induced Jacobian elliptic fibration πY ′ ∶ Y ′ → P1. After rescaling, the
induced fibration becomes
(2.33) Y ′ ∶ y2z = x3 − 2v2C(u, v)x2z + v3(v C(u, v)2 − 4D(u, v)) xz2 ,
and it has the discriminant
(2.34) ∆Y ′ = 16v9D(u, v)(v C(u, v)2 − 4D(u, v))2 .
Thus, the surfaces X ′ and Y ′ are both Jacobian elliptic K3 surfaces with a Mordell-
Weil group Z/2Z and singular fibers III∗ + 5I2 + 5I1. We make the following:
Remark 2.17. By rescaling (x, y, z) → (Λ2x,Λ3y, z) and changing u↦ au+bv, we can
assume that D(t,1) is a monic polynomial of degree five, whose sub-leading coefficient
proportional to t4 vanishes.
In the following, we will assume that the polynomials C and D are as follows:
(2.35) C(u, v) = c2u2 + c1uv + c0v2 , D(u, v) = u5 + d3u3v2 + d2u2v3 + d1uv4 + d0v5 .
We have the following:
Corollary 2.18. Generic K3 surfaces X ′ and Y ′ have the Ne´ron-Severi lattices iso-
morphic to P′ =H ⊕D8(−1)⊕D4(−1).
Proof. The proof follows directly from the basic lattice theoretical facts in the proof
of Proposition 2.6. 
Because of Proposition 2.6, every P′-polarized K3 surface, up to isomorphism, ad-
mits an alternate fibration that can be brought into the form of Equation (2.31). One
can then tell precisely when two members of the family in Equation (2.31) are isomor-
phic. The normalization of the coefficients in Equation (2.35) fixes the coordinates
[u ∶ v] ∈ P1 completely; see Remark 2.17. Thus, two members are isomorphic if and
only if their coefficient sets are related by the transformation
(2.36) (c2, c1, d3, c0, d2, d1, d0) ↦ (Λ2c2,Λ6c1,Λ8d3,Λ10c0,Λ12d2,Λ16d1,Λ20d0),
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with Λ ∈ C×. The reason is that such a rescaling, when combined with the transforma-
tion (u, v, x, y, z) ↦ (Λ4u, v,Λ10x,Λ15y, z), gives rise to a holomorphic isomorphism
of Equation (2.31). We also introduce the new parameters {J2k}, given by
(2.37) (J2,J6,J8,J10,J12,J16,J20) = (c2, c1, d3, c0, d2, d1, d0) ,
whose subscripts reflect their weights under the scaling. We have the following:
Theorem 2.19. The six-dimensional open analytic space MP′ , given by
{ [J2 ∶ J6 ∶ J8 ∶ J10 ∶ J12 ∶ J16 ∶ J20] ∈WP(2,6,8,10,12,16,20) ∣ (J6,J8,J10,J12,J16,J20) ≠ 0⃗ } ,
forms a coarse moduli space for P′-polarized K3 surfaces.
Proof. As explained above, every P′-polarized K3 surface, up to isomorphism, admits
an alternate fibration that can be brought into the form of Equation (2.31). Con-
versely, an equivalence class of invariants in Equation (2.37) determines a well defined
K3 surface as long as the Weierstrass model is irreducible and minimal.
Bringing Equation (2.31) into a standard Weierstrass normal form, we obtain
(2.38) y2z = x3 − 1
3
v3(vC(u, v)2 − 3D(u, v)) xz2 + 1
27
v5C(u, v)(2vC(u, v)2 − 9D(u, v))z3 .
Because the polynomial D(t,1) is monic, we cannot have D ≡ 0 or vC(u, v)2 −
4D(u, v) ≡ 0. Thus, in Equation (2.38) the right hand side cannot factor into a
product of two terms where one is a non-trivial square. However, the Weierstrass
model becomes non-minimal if and only if
(2.39) (c1, c0, d3, d2, d1, d0) = (0,0,0,0,0,0) .
Equation (2.38) then becomes y2z = x3+ 1
3
u4v3(3u−c22v)xz2−
1
27
c2u6v5(9u−2c22v)z3. 
In contrast to the P-polarized case, the sub-variety MP′ is left invariant by the
Van Geemen-Sarti-Nikulin duality. The dual of a given P′-polarized K3 surface is
again a P′-polarized surface; see Corollary 2.18. This involution, denoted by
ı′∶ MP′ → MP′ , with ı′ ○ ı′ = id ,
can be constructed explicitly. We have the following:
Proposition 2.20. The VanGeemen-Sarti-Nikulin duality acts on the moduli space
MP′ in Equation (2.19) as the involution ı′ ∶MP′ →MP′ given by
(2.40) ı′ ∶
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
J2 ↦ −J2 ,
J6 ↦ J6 + 110J
3
2 ,
J8 ↦ J8 − 12J6J2 −
1
40
J 42 ,
J10 ↦ −J10 − 120J6J
2
2 −
1
400
J 52 ,
J12 ↦ −J12 + 12J10J2 −
3
20
J8J 22 +
1
4
J 26 +
3
40
J6J 32 +
1
400
J 62 ,
J16 ↦ J16 + 110J12J
2
2 −
1
2
J10J6 − 120J10J
3
2 +
3
400
J8J 42
−
1
40
J 26 J
2
2 −
3
800
J6J 52 −
3
3200
J 82 ,
J20 ↦ −J20 − 120J16J
2
2 −
1
400
J12J 42 +
1
4
J 210 +
1
40
J10J6J 22 +
1
800
J10J 52
−
1
8000
J8J 62 +
1
1600
J 26 J
4
2 +
1
16000
J6J 72 +
1
800000
J 102 .
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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Proof. After rescaling Equation (2.33), the induced fibration on Y ′ can be written as
(2.41) Y ′ ∶ y˜2z˜ = x˜3 − v2C(u, v) x˜2z˜ + v3( −D(u, v) + v
4
C(u, v)2) x˜z˜2 .
If we also set [u ∶ v] = [−u˜ + c22v˜/20 ∶ v˜], then Equation (2.41) becomes
(2.42) Y ′ ∶ y˜2z˜ = x˜3 + v˜2C˜(u˜, v˜) x˜2z˜ + v˜3D˜(u˜, v˜) x˜z˜2 ,
where C˜(u˜, v˜) = c˜2u˜2 + c˜1u˜v˜+ c˜0v˜2 and D˜(u˜, v˜) = u˜5 + d˜3u˜3v˜2 + d˜2u˜2v˜3 + d˜1u˜v˜4 + d˜0v˜5 are
related to the polynomials in Equation (2.35) by the equations
(2.43) C˜(u˜, v˜) = −C (−u˜ + c22
20
v˜, v˜) , D˜(u˜, v˜) = −D (−u˜ + c22
20
v˜, v˜) + v˜
4
C (−u˜ + c22
20
v˜, v˜) .
The Van Geemen-Sarti-Nikulin duality maps X ′ to Y ′ and vice versa. Hence, the
duality acts by interchanging (C,D) and (C˜, D˜) or, equivalently, by the action of an
involution ı′ on the defining parameter sets of the K3 surfaces X ′ and Y ′, i.e.,
(2.44) ı′ ∶ (c2, c1, c0, d3, d2, d1, d0) ↦ (c˜2, c˜1, c˜0, d˜3, d˜2, d˜1, d˜0) ,
with
(2.45)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
c˜2
c˜1
c˜0
d˜3
d˜2
d˜1
d˜0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
−c2
c1 +
1
10
c32
−c0 −
1
20
c1c
2
2 −
1
400
c52
d3 −
1
2
c1c2 −
1
40
c42
−d2 −
3
20
c22d3 +
1
4
c21 +
1
2
c0c2 +
3
40
c1c
3
2 +
1
400
c62
d1 +
1
10
c22d2 +
3
400
c42d3 −
1
2
c0c1 −
1
20
c0c
3
2 −
1
40
c21c
2
2 −
3
800
c52c1 −
3
3200
c82
−d0 −
1
20
c22d1 −
1
400
c42d2 −
1
8000
c62d3
+
1
4
c20 +
1
40
c0c1c
2
2 +
1
1600
c21c
4
2 +
1
800
c0c
5
2 +
1
16000
c1c
7
2 +
1
800000
c102
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
such that (ı′)2 = id. The latter is checked by a straightforward computation. The
involution can then be written in terms of the variables of Equation (2.37). 
We have the following:
Corollary 2.21. The selfdual locus within MP′ is given by
{ [J2 ∶ J6 ∶ J8 ∶ J10 ∶ J12 ∶ J16 ∶ J20] ∈MP′ ∣ (J2, J10, J 26 − 8J12, J20) = 0⃗} .
A generic element of the selfdual locus is a Jacobian elliptic K3 surface with a Mordell-
Weil group Z/2Z and the singular fibers III∗ + III + 4I2 + 4I1.
2.2.3. The case of H ⊕D8(−1)⊕E8(−1)-polarized K3 surfaces. One can ask whether
there are any other cases of Jacobian elliptic K3 surfaces which are selfdual with
respect to the VanGeemen-Sarti-Nikulin duality. A way of constructing these families
is to assume that the singular fibers of their elliptic fibrations only contain fibers of
type III∗, I2, and I1, and that the Mordell-Weil group is Z/2Z. For a Jacobian
elliptic fibration on a K3 surface with singular fibers kIII∗ + nI2 + nI1 with k,n ∈ N,
we must have 9k + 3n = 24. Thus, there are three cases to consider: (k,n) = (0,8) is
the original case of Picard rank 10 examined by VanGeemen and Sarti [64]; the case
(k,n) = (1,5) gives rise to the P′-polarized K3 surfaces. Finally, there is the case
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(k,n) = (2,2) which we include here for completeness. A Weierstrass model for the
Jacobian elliptic fibration πX ′ ∶ X ′ → P1 in the case (k,n) = (2,2) is given by
(2.46) X ′ ∶ y2z = x3 + c0u2v2x2z + u3v3D(u, v)xz2 ,
where D is a homogeneous polynomial of degree two and c0 ∈ C×. If the Weierstrass
model is minimal, the polynomial D(t,1) has a non-vanishing quadratic coefficient.
The discriminant is
(2.47) ∆X ′ = u9v9D(u, v)2(c20uv − 4D(u, v)) .
The VanGeemen-Sarti-Nikulin duality yields a K3 surface Y ′ with an induced Jaco-
bian elliptic fibration πY ′ ∶ Y ′ → P1 given by
(2.48) Y ′ ∶ y2z = x3 − 2f0u2v2x2z + u3v3(c20uv − 4D(u, v))xz2 .
It has the discriminant
(2.49) ∆Y ′ = 16u9v9D(u, v)(c20uv − 4D(u, v))2 .
We have the following:
Lemma 2.22. Generic K3 surfaces X ′ and Y ′ admit Jacobian elliptic fibrations πX ′
and πY ′ with a Mordell-Weil group Z/2Z and the singular fibers 2III∗ + 2I2 + 2I1.
Proof. The statements are checked directly using Equation (2.46) and (2.48). 
We make the following:
Remark 2.23. By rescaling we can assume that D(t,1) is a monic polynomial of
degree two, and we set
(2.50) D(u, v) = u2 + d1uv + d0v2 .
Since we already moved the singular fibers of type III∗ to u = 0 and v = 0, respectively,
we have fixed the coordinates [u ∶ v] ∈ P1 completely.
We also have the following:
Corollary 2.24. Generic K3 surfaces X ′ and Y ′ have the Ne´ron-Severi lattices iso-
morphic to the rank-eighteen lattice H ⊕ D8(−1) ⊕ E8(−1) and the transcendental
lattices isomorphic to H ⊕H(2).
Proof. The lattices were computed in [34]. 
This implies the following:
Theorem 2.25. The two-dimensional open analytic space given by
(2.51) { [c0 ∶ d1 ∶ d0] ∈WP(2,4,8) ∣ d0 ≠ 0 } ,
forms a coarse moduli space for H ⊕ D8(−1) ⊕ E8(−1)-polarized K3 surfaces. The
Van Geemen-Sarti-Nikulin duality acts on the moduli space above as the involution
(c0, d1, d0) ↦ (−c0, d1 + c20/4, d0). A generic element of the self-dual locus, given by
c0 = 0, is a Jacobian elliptic K3 surface with a Mordell-Weil group Z/2Z and the
singular fibers 2III∗ + 2III.
Proof. The proof is analogous to the proof of Theorem 2.19. 
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3. Projective models for certain K3 surfaces
In this section we construct birational projective models for the K3 surfaces with
Ne´ron-Severi lattices P, P′, and P′′ and determine all inequivalent Jacobian elliptic
fibrations and explicit Weierstrass models on a generic member in each case.
3.1. Projective model for P-polarized K3 surfaces. We consider the projective
surface Q(α,β, γ, δ, ε, ζ, η, ι, κ, λ) in P3 = P(X,Y,Z,W) defined for the coefficient set
(α,β, γ, δ, ε, ζ, η, ι, κ, λ) ∈ C10 by the homogeneous quartic equation
0 = Y2ZW − 4X3Z + 3αXZW2 + βZW3
−
1
2
(2γX − δW)(2ηX − ιW)Z2 − 1
2
(2εX − ζW)(2κX − λW)W2 .(3.1)
We denote by X (α,β, γ, δ, ε, ζ, η, ι, κ, λ) the smooth complex surface obtained as the
minimal resolution of Q(α,β, γ, δ, ε, ζ, η, ι, κ, λ). If there is no danger of confusion,
we will simply write X and Q. One easily checks that the quartic surface Q has two
special singularities at the following points:
(3.2) P1 = [0 ∶ 1 ∶ 0 ∶ 0] , P2 = [0 ∶ 0 ∶ 1 ∶ 0] .
For a generic tuple (α,β, γ, δ, ε, ζ, η, ι, κ, λ), the points P1 and P2 are the only singu-
larities of Equation (3.1) and are rational double points. We have the following:
Lemma 3.1. Assume that (γ, δ), (ε, ζ), (η, ι), (κ,λ) ≠ (0,0). Then, the surface X
obtained as the minimal resolution of Q is a smooth K3 surface.
Proof. The conditions of non-vanishing coefficients, (γ, δ), (ε, ζ), (η, ι), (κ,λ) ≠ (0,0),
ensure that the singularities of Q(α,β, γ, δ, ε, ζ, η, ι, κ, λ) are rational double points.
This fact, in connection with the degree of Equation (3.1) being four, guarantees that
the minimal resolution X (α,β, γ, δ, ε, ζ, η, ι, κ, λ) is a K3 surface. 
We have the following symmetries:
Lemma 3.2. Let (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ∈ C10 as before. Then, one has the following
isomorphisms of K3 surfaces:
(a) X (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ≃ X (α,β, ε, ζ, γ, δ, η, ι, κ, λ),
(b) X (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ≃ X (α,β, η, ι, ε, ζ, γ, δ, κ, λ),
(c) X (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ≃ X (α,β, γ, δ, κ, λ, η, ι, ε, ζ),
(d) X (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ≃ X (Λ4α,Λ6β,Λ10γ,Λ12δ,Λ−2ε, ζ,Λ−2η, ι,Λ−2κ,λ),
for Λ ∈ C×.
Proof. The birational involution P3 ⇢ P3 given by
[X ∶Y ∶ Z ∶W] ↦ [XZ(2ηX − ιW) ∶YZ(2ηX − ιW) ∶
W
2(2κX − λW) ∶ ZW(2ηX − ιW)] ,
extends to an isomorphism between the two K3 surfaces. Parts (b) and (c) are obvious
from Equation (3.1). For Λ ∈ C× the projective automorphism, given by
P
3 → P3, [X ∶Y ∶ Z ∶W] ↦ [ Λ8X ∶ Λ9Y ∶ Z ∶ Λ6W ] ,
extends to an isomorphism realizing part (d). 
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We also have the following:
Proposition 3.3. Let (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ∈ C10 as before. A Nikulin involution
on the K3 surface X is induced by the projective automorphism
Ψ ∶ P3 → P3,
[X ∶Y ∶ Z ∶W]↦ [(2γX − δW)(2ηX − ιW)XZ ∶ −(2γX − δW)(2ηX − ιW)YZ ∶
(2εX − ζW)(2κX − λW)W2 ∶ (2γX − δW)(2ηX − ιW)WZ] .
(3.3)
Proof. One checks that Ψ constitutes an involution of the projective quartic surface
Q ⊂ P3(X,Y,Z,W). If we use the affine chart W = 1 then the unique holomor-
phic two-form is given by dX ∧ dY/FZ(X,Y,Z) where F (X,Y,Z) is the left side of
Equation (3.1). One then checks that Ψ in Equation (3.3) constitutes a symplectic
involution after using F (X,Y,Z) = 0. 
We introduce the following lines on the quartic surface Q(α,β, γ, δ, ε, ζ, η, ι, κ, λ) in
Equation (3.1), denoted by L1, L2, L3, L4, L5:
L1 ∶ X =W = 0 , L2 ∶ Z =W = 0 ,
L3 ∶ 2εX − ζW = Z = 0 , L4 ∶ 2X + γηZ =W = 0 ,
L5 ∶ 2κX − λW = Z = 0 .
For γεζηκλ ≠ 0, the lines are distinct and concurrent, meeting at P1. We have the
following:
Theorem 3.4. Assume that (γ, δ), (ε, ζ), (η, ι), (κ,λ) ≠ (0,0). The minimal resolu-
tion of the quartic in Equation (3.1) is a K3 surface X endowed with a canonical
P-polarization. Conversely, every P-polarized K3 surface has a birational projective
model given by Equation (3.1). In particular, every Jacobian elliptic fibration on a
generic P-polarized K3 surface (determined in Proposition 2.3) is attained on X as
the following associated pencil on the quartic normal form in Equation (3.1):
# singular fibers MW root lattice pencil
1 I∗4 + 4I2 + 6I1 Z/2Z D8 +A⊕41 residual surface intersection
of L1(u, v) = 0 and Q
2 2I∗2 + 8I1 {I} D⊕26 residual surface intersection
of L2(u, v) = 0 and Q
3 III∗ + I∗0 + I2 + 7I1 {I} E7 +D4 +A1 residual surface intersection
of Li(u, v) = 0 (i = 3,5) and Q
3′ II∗ + 4I2 + 6I1 {I} E8 +A⊕41 residual surface intersection
of C˜3(u, v) = 0 (deg = 2) and Q
4 I∗6 + 2I2 + 8I1 {I} D10 +A⊕21 residual surface intersection
of L4(u, v) = 0 and Q
Fibrations in cases (2), (3), (4) and (3′) are also induced by the intersection of the
quartic surface Q with pencils Ci(u, v) of degree di such that (i, di) = (2,3), (3,3), (4,4)
and C′3(u, v) of degree d′3 = 3.
Every Jacobian elliptic fibration on a generic P(0)-polarized K3 surface (determined
in Proposition 2.3) is attained on X by setting (κ,λ) = (0,1) in the table above.
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They are given by:
# singular fibers MW root lattice pencil
1 I∗6 + 3I2 + 6I1 Z/2Z D10 +A⊕31 residual surface intersection
of L1(u, v) = 0 and Q
2 III∗ + I∗2 + 7I1 {I} E7 +D6 residual surface intersection
of L2(u, v) = 0 and Q
3 II∗ + I∗0 + I2 + 6I1 {I} E8 +D4 +A1 residual surface intersection
of L3(u, v) = 0 and Q
4 I∗8 + I2 + 8I1 {I} D12 +A1 residual surface intersection
of L4(u, v) = 0 and Q
We also recall the further specialization for Picard rank 16 obtained in [11]:
Remark 3.5. Every Jacobian elliptic fibration on a generic P(0,0)-polarized K3 surface
is attained on X by setting (η, ι) = (κ,λ) = (0,1) in the table above. They are:
# singular fibers MW root lattice pencil
1 I∗8 + 2I2 + 6I1 Z/2Z D12 +A⊕21 residual surface intersection
of L1(u, v) = 0 and Q
2 2III∗ + 6I1 {I} E⊕27 residual surface intersection
of L2(u, v) = 0 and Q
3 II∗ + I∗2 + 6I1 {I} E8 +D6 residual surface intersection
of L3(u, v) = 0 and Q
4 I∗10 + 8I1 {I} D14 residual surface intersection
of C˜4(u, v) = 0 (deg = 2) and Q
Fibrations in cases (2), (3), (4) are also induced by the intersection of the quartic
surface Q with pencils C′′i (u, v) of degree di such that (i, di) = (2,2), (3,2), (4,3).
Details are given in Appendix B.
Proof. We will construct explicit Weierstrass models for the fibrations (1)-(4) in Sec-
tions 3.1.1-3.1.1. Using fibration (3′) it follows immediately that a K3 surface X is
endowed with a canonical P-polarization. The given substitution for fibration (1)
leads to a Weierstrass model in the form of Equation (2.13) if we set
A(t) = t3 + a1t + a0 = t3 − 3αt − 2β ,
B(t) = b4t4 + b3t3 + b2t2 + b1t + b0 = (γt − δ)(εt − ζ)(ηt − ι)(κt − λ) .(3.4)
From Equation (2.26) we then obtain the invariants (j4, . . . , j12, b4, b3). The condi-
tions, (γ, δ), (ε, ζ), (η, ι), (κ,λ) ≠ (0,0), ensure that the singularities of Q are rational
double points. For fibration (1) the given conditions are equivalent to the condition
(b4, b3, j8, j10, j12) ≠ 0⃗ which in turn is equivalent to corresponding Weierstrass model
being irreducible and minimal; see proof of Theorem 2.14.
Conversely, Proposition 2.8 proves that every generic P-polarized K3 surface admits
an alternate fibration. It follows from Equations (3.6) that from an alternate fibration
a quartic can be constructed if we write the polynomials A and B according to
Equation (3.4). Thus, every P-polarized K3 surface, up to isomorphism, is in fact
realized as the resolution of the quartic in Equation (3.1). The fact that these Jacobian
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elliptic fibrations are the only possible fibrations was already proven in Proposition 2.8
and Proposition 2.3 for Picard rank 14 and 15, respectively. We normalized them so
that for (κ,λ) = (0,1) they remain well defined and specialize to the corresponding
elliptic fibrations in Picard rank 15 except for fibration (3′).
We now complete the proof by constructing the Weierstrass models for the Jacobian
elliptic fibrations and the associated pencils on the quartic normal form explicitly:
3.1.1. The alternate fibration. An elliptic fibration with section, called the alternate
fibration, is induced by intersecting the quartic surface Q with a pencil of planes
containing L1 which we denote by
(3.5) L1(u, v) = uW − 2vX = 0
for [u ∶ v] ∈ P1. Making the substitutions
(3.6) X = uvx , Y =
√
2y , Z = 2v4(εu − ζv)(κu − λv)z , W = 2v2x ,
into Equation (3.1), compatible with L1(u, v) = 0, determines the Jacobian elliptic
fibration π ∶ X → P1 with fiber X[u∶v] given by
(3.7) X[u∶v] ∶ y
2z = x(x2 + v A(u, v)xz + v4B(u, v)z2) .
The fibrations admits the section σ ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0] and the two-torsion section
[x ∶ y ∶ z] = [0 ∶ 0 ∶ 1]. Here, the discriminant is
(3.8) ∆(u, v) = v12B(u, v)2 (A(u, v)2 − 4v3B(u, v)) ,
and
(3.9) A(u, v) = u3 − 3αuv2 − 2βv3, B(u, v) = (γu − δv)(εu − ζv)(ηu − ιv)(κu − λv) .
3.1.2. The standard fibration. An elliptic fibration with section, called the standard
fibration, is induced by intersecting the quartic surface Q with a pencil of planes
containing L2 which we denote by
(3.10) L2(u, v) = uW − vZ = 0
for [u ∶ v] ∈ P1. Making the substitutions
(3.11) X = uvx , Y =
√
2y , Z = 2u4v2z , W = 2u3v3z ,
in Equation (3.1), compatible with L2(u, v) = 0, yields the Jacobian elliptic fibration
π ∶ X → P1 with fiber X[u∶v] given by
(3.12) X[u∶v] ∶ y
2z = x3 + e(u, v)x2z + f(u, v)xz2 + g(u, v)z3 .
The fibrations admits the section σ ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0]. Here, the discriminant is
(3.13) ∆(u, v) = f2(e2 − 4f) − 2eg(2e2 − 9f) − 27g2 = u8v8p(u, v) ,
and
e(u, v) = uv(γηu2 + εκv2) ,
f(u, v) = −u3v3((γι + δη)u2 + 3αuv + (ελ + ζκ)v2) ,
g(u, v) = u5v5(διu2 − 2βuv + ζλv2) ,
(3.14)
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and p(u, v) = γ2η2(γι− δη)2u8 + ⋅ ⋅ ⋅ + ε2κ2(ελ− ζκ)2v8 is a homogeneous polynomial of
degree eight.
When applying the Nikulin involution in Proposition 3.3 to the pencil of planes
L2(u, v), we obtain a pencil of cubic surfaces, denoted by C2(u, v) = 0 with [u ∶ v] ∈ P1.
A computation yields
(3.15) C2(u, v) = vW(2εX − ζW)(2κX − λW) − uZ(2γX − δW)(2ηX − ιW) = 0 ,
such that the fibration is also obtained by intersecting the quartic Q with the pencil
C2(u, v) = 0.
3.1.3. The base-fiber dual fibration. Equation (3.7) can also be interpreted as a double
cover of the Hirzebruch surface F0 = P1×P1 branched along a curve of bi-degree (4,4),
i.e., along a section in the line bundle OF0(4,4). Every such cover has two natural
elliptic fibrations corresponding to the two rulings of the quadric F0 coming from the
two projections πi ∶ F0 → P1 for i = 1,2. The fibration π1 arises from the double
cover of F0 branched along the curve F1 + F2 + σ where F1,F2 are fibers of π1 and
π2 and σ is a section of OF0(2,4). A second elliptic fibration on the K3 surface then
naturally arises from the second projection π2. We refer to this second fibration as
the base-fiber dual fibration. Here, π1 is the alternate fibration, and the second elliptic
fibration with section is induced by intersecting the quartic surface Q with a pencil
of planes containing L3 which we denote by
(3.16) L3(u, v) = uZ − v(2εX − ζW) = 0
for [u ∶ v] ∈ P1. Making the substitutions
(3.17)
X = uvx , Y =
√
2y ,
Z = 2(εx + ζ(u + γεηv)uv2z)v2 , W = 2(u + γεηv)u2v3z ,
into Equation (3.1), compatible with L3(u, v) = 0, determines a Jacobian elliptic
fibration π ∶ X → P1 with fiber X[u∶v] given by
(3.18) X[u∶v] ∶ y
2z = x3 + e(u, v)x2z + f(u, v)xz2 + g(u, v)z3 .
The fibration admits the section σ ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0]. Here, the discriminant is
(3.19) ∆(u, v) = u6v9(u + γεηv)2p(u, v) ,
and
e(u, v) = −uv3(γει + γζη + δεη) ,
f(u, v) = u2v3(u + γεηv)(κu2 − 3αuv + (γζι + δει + δζη)v2) ,
g(u, v) = −u3v5(u + γεηv)2(λu2 + 2βuv + δζιv2) ,
and p(u, v) = (γι−δη)2(ει−ζη)2(γζ −δε)2v7+⋅ ⋅ ⋅−4κ3u7 is a homogeneous polynomial
of degree seven.
Applying the Nikulin involution in Proposition 3.3 to the pencil of planes L3(u, v)
we obtain a pencil of cubic surfaces, denoted by C3(u, v) = 0 with [u ∶ v] ∈ P1. A
computation yields
(3.20) C3(u, v) = vZ(2γX − δW) − (2ηX −W)uW2(2κX −W) ,
such that the fibration is also obtained by intersecting the quartic Q with the pencil
C3(u, v) = 0. A fibration with the same singular fibers but for different parameters
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can be obtained in the same fashion using the line L5 instead of L3; in this case, the
moduli (ε, ζ)↔ (κ,λ) are swapped according to the symmetries in Lemma 3.2.
3.1.4. The base-fiber dual fibration – case (3′). A pencil of quadratic surfaces, denoted
by C˜3(u, v) = 0 with [u ∶ v] ∈ P1 is given by
C˜3(u, v) = ε(κu − λv)(2εX − ζW)(2κX − λW + γκηZ)
− κ(εu − ζv)(2κX − λW)(2εX − ζW + γεηZ) .(3.21)
Making the substitutions
(3.22)
X = γ2ε2η2κ2v(γu − δv)(ηu − ιv)q1(x, z, u, v)z ,
Y =
√
2γǫηκ(γu − δv)(ηu − ιv)yz ,
Z = 2q2(x, z, u, v) q3(x, z, u, v) ,
W = 2γ2ε2η2κ2v2(γu − δv)(ηu − ιv)xz ,
in Equation (3.1), compatible with C˜3(u, v) = 0, and using the polynomials
(3.23)
q1(x, z, u, v) = ux − γεηκv(γu − δv)(εu − ζv)(κu − λv)(ηu − ιv)z ,
q2(x, z, u, v) = x − γεηκ2v(γu − δv)(εu − ζv)(ηu − ιv)z ,
q3(x, z, u, v) = x − γε2ηκv(γu − δv)(κu − λv)(ηu − ιv)z ,
determines a Jacobian elliptic fibration π ∶ X → P1 with fiber X[u∶v] given by
(3.24) X[u∶v] ∶ y
2z = x3 + e(u, v)x2z + f(u, v)xz2 + g(u, v)z3 .
The fibration admits the section σ ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0]. Here, the discriminant is
(3.25) ∆(u, v) = v10(γu − δv)2(εu − ζv)2(κu − λv)2(ηu − ιv)2p(u, v) ,
and
e(u, v) = −γεηκv(3γεηκu3 − 3(γζηκ + δεηκ + γεηλ + γεικ)u2v
+(3αγεηκ + 2δζηκ + 2γζηλ + 2γζικ + 2δεηλ + 2δεικ + γειλ)uv2
+(2βγεηκ − δζηλ − δζικ − γζιλ − εδιλ)v3) ,
f(u, v) = γ2ε2η2κ2v2(γu − δv)(εu − ζv)(κu − λv)(ηu − ιv)
× (3γεηκu2 − 3(γζηκ + δεηκ + γεηλ + γεικ)uv
+(γ2ε2η2κ2 + 3αγεηκ + δζηκ + γζηλ + γζικ + δεηλ + δεικ + γειλ)v2) ,
g(u, v) = −γ3ε3η3κ3v3(γu − δv)2(εu − ζv)2(κu − λv)2(ηu − ιv)2
× (γεηκu − (γζηκ + δεηκ + γεηλ + γεικ)v),
and p(u, v) = −27(γεηκ)12u6 + . . . is a homogeneous polynomial of degree six.
Applying the Nikulin involution in Proposition 3.3 to C˜3(u, v) we obtain a pencil
of cubic surfaces, denoted by C′3(u, v) = 0 with [u ∶ v] ∈ P1. A computation yields
(3.26)
C′3(u, v) = −uγεηκW3
+v(2γεηκW2X + διW2Z − 2(γι + δη)WXZ + 4γηX2Z) ,
such that the fibration is also obtained by intersecting the quartic Q with the pencil
C′3(u, v) = 0.
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3.1.5. The maximal fibration. An elliptic fibration with section, called the maximal
fibration, is induced by intersecting the quartic surface Q with a pencil of planes
containing L4 which we denote by
(3.27) L4(u, v) = uW − 2v(2X + γηZ) = 0
for [u ∶ v] ∈ P1. Making the substitutions
X = u2vx , Y =
√
2uy , Z = 2uv4(εu − ζv)(κu − λv)z ,
W = 2v2(ux − γη(εu − ζv)(κu − λv)v3z) ,(3.28)
into Equation (3.1), compatible with L4(u, v) = 0, determines a Jacobian elliptic
fibration π ∶ X → P1 with fiber X[u∶v] given by
(3.29) X[u∶v] ∶ y
2z = x3 + e(u, v)x2z + f(u, v)xz2 + g(u, v)z3 .
The fibration admits the section σ ∶ [x ∶ y ∶ z] = [0 ∶ 1 ∶ 0]. Here, the discriminant is
∆(u, v) = v12(εu − ζv)2(κu − λv)2p(u, v) ,(3.30)
and
e(u, v) = v
u
(u4 − (3α − γεηκ)u2v2 − 2(β + γεηλ + γζηκ)uv3 + 3γζηλv4) ,
f(u, v) = −v5
u2
(εu − ζv)(κu − λv)((γι + δη)u3 + (3αγη − δι)u2v
+ γη(4β + γεηλ + γζηκ)uv2 − 3γ2ζη2λv3) ,
g(u, v) = γηv9
u3
(εu − ζv)2(κu − λv)2(διu2 − 2βγηuv + γ2ζη2λv2) ,
(3.31)
and p(u, v) = (γι− δη)2u8 +O(v) is a homogeneous polynomial of degree eight. Upon
eliminating the term proportional to x2z in Equation (3.29) by a shift, we obtain a
Weierstrass model such that the coefficients of xz2 and z3 are homogeneous polyno-
mials, and all denominators cancel.
Applying the Nikulin involution in Proposition 3.3 to the pencil of planes L4(u, v)
we obtain a pencil of quartic surfaces, denoted by C4(u, v) = 0 with [u ∶ v] ∈ P1. A
computation yields
(3.32)
C4(u, v) = uWZ(2γX − δW)(2ηX −W) − v(γζηW4
−2γη(ε + ζκ)W3X + 4γεηκW2X2 + 2δW2XZ − 4(γ + δη)WX2Z + 8γηX3Z) ,
such that the fibration is also obtained by intersecting the quartic Q with the pencil
C4(u, v) = 0. 
3.2. Projective model for P′-polarized K3 surfaces. We also consider the pro-
jective surface Q′(f2, f1, f0, g1, g0, h2, h1, h0) in P3 = P(X,Y,Z,W) with a coefficient
set (f2, f1, f0, g1, g0, h2, h1, h0) ∈ C8 defined by the homogeneous quartic equation
0 =Y2ZW − 4X3Z − 2(W2 + f2WZ + h2Z2)X2
−(f1WZ + g1W2 + h1Z2)XZ − 1
2
(f0WZ + g0W2 + h0Z2)Z2 .
(3.33)
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The projective automorphism
(3.34) φ1 ∶ [X ∶Y ∶ Z ∶W] ↦ [Λ1X ∶ Λ21Y ∶ Λ−31 Z ∶ Λ−11 W] ,
changes a given parameter set of the quartic for Λ1 ∈ C× according to
(3.35)
(f2, f1, f0, g1, g0, h2, h1, h0)↦
(f2Λ21, f1Λ61, f0Λ101 , g1Λ41, g0Λ81, h2Λ41, h1Λ81, h0Λ121 ) .
One can also use a linear substitution X↦X+Λ2Z for Λ2 ∈ C. The induced projective
automorphism φ2 transforms Equation (3.33) into an equation of the same type, but
with transformed moduli given by
(3.36)
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
f2
f1
f0
g1
g0
h2
h1
h0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
↦
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
f2
f1 − 4f2Λ2
f0 − 2f1Λ2 + 4f2Λ
2
2
g1 − 4Λ2
g0 − 2g1Λ2 + 4Λ
2
2
h2 − 6Λ2
h1 − 4h2Λ2 + 12Λ
2
2
h0 − 2h1Λ2 + 4h2Λ
2
2 − 8Λ
3
2
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Equation (3.33) defines a family of quartic hypersurfaces whose minimal resolution
is (generically) a K3 surface X ′ of Picard rank 14. We have the following:
Proposition 3.6. Let (f2, f1, f0, g1, g0, h2, h1, h0) ∈ C8 as before. A Nikulin involution
on the K3 surface X ′ is induced by the projective automorphism
Ψ ∶ P3 → P3,
[X ∶Y ∶ Z ∶W] ↦ [Q(2X,Z)XW ∶ −Q(2X,Z)YW ∶
Q(2X,Z)ZW ∶ 8H(2X,Z)Z] ,
(3.37)
with Q(u, v) = u2 + g1uv + g0v2 and H(u, v) = u3 + h2u2v + h1uv2 + h0v3.
Proof. The proof is analogous to the proof of Proposition 3.3. 
We use the automorphism φ2 to eliminate one parameter from the parameter
set (f2, f1, f0, g1, g0, h2, h1, h0) and obtain seven coordinates on a weighted projec-
tive space associated with the equivalence relation induced by the action of φ1. It
turns out that a convenient choice is given by h2 + g1 = 0; this will become clear
presently, as we employ the results from Section 2.2.2. The constraint, h2 + g1 = 0,
is invariant under the action of φ1, and is achieved by setting 10Λ2 = h2 + g1 in φ2 in
Equation (3.36). Thus, we will consider the quartic surface Q′(f2, f1, f0, g0, h2, h1, h0)
given by
0 =Y2ZW − 4X3Z − 2(W2 + f2WZ + h2Z2)X2
−(f1WZ − h2W2 + h1Z2)XZ − 1
2
(f0WZ + g0W2 + h0Z2)Z2 .
(3.38)
We define the new parameters given by
(3.39)
J2 = f2, J6 = f1, J8 = g0 + h1 − h22, J10 = f0,
J12 = g0h2 − h1h2 + h0, J16 = g0h1 − h0h2, J20 = g0h0.
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Under the action of φ1 these parameters transform according to
(J2,J6,J8,J10,J12,J16,J20) → (Λ2J2, Λ6J6, Λ8J8, Λ10J10, Λ12J12, Λ16J16, Λ20J20) .
We have the following:
Theorem 3.7. Assume that (J6,J8,J10,J12,J16,J20) ≠ 0⃗. The surface obtained as
the minimal resolution of the quartic in Equation (3.38) is a K3 surface X ′ endowed
with a canonical P′-polarization. Conversely, every P′-polarized K3 surface has a
birational projective model given by Equation (3.38). In particular, every Jacobian
elliptic fibration on a generic P′-polarized K3 surface (determined in Proposition 2.5)
is attained on X ′ as follows:
# singular fibers MW root lattice substitution [X ∶Y ∶ Z ∶W] =
1 III∗ + 5I2 + 5I1 Z/2Z E7 ⊕A⊕51 [uvx ∶√2y ∶ 2v2z ∶ 2v3H(u, v)z]
2 I∗4 + I
∗
0 + 8I1 {I} D8 ⊕D4 [2uvx ∶ y ∶ 8u4v2z ∶ 32u3v3z]
Here, we have set H(u, v) = u3 + h2u2v + h1uv2 + h0v3.
Proof. One constructs the explicit Weierstrass models using the substitutions pro-
vided in the statement. Using fibration (2) it follows immediately that a K3 surface
X ′ is endowed with a canonical P′-polarization. The given substitution for fibra-
tion (1) leads to the Weierstrass model
(3.40) X ′ ∶ y2z = x3 + v2F (u, v)x2z + v3H(u, v)G(u, v)xz2 ,
where F (u, v) = f2u2 + f1uv + f0v2 and G(u, v) = u2 + g1uv + g0v2 with g1 = −h2. This
is precisely the alternate fibration in Equation (2.31) from Section 2.2.2: we have
C(u, v) = F (u, v), and H(u, v)G(u, v) = D(u, v) if and only if h2 + g1 = 0, and the
respective parameters are related by (c2, c1, c0) = (f2, f1, f0) and
d3 = g0 + h1 − h22 , d2 = g0h2 − h1h2 + h0 , d1 = g0h1 − h0h2 , d0 = g0h0 .(3.41)
These relations follow immediately from Equation (2.37) and Equation (3.39). For
fibration (1) the condition (c1, c0, d3, d2, d1, d0) ≠ 0⃗ is equivalent to the corresponding
Weierstrass model being irreducible and minimal; see proof of Theorem 2.19. It is
also equivalent to (J6,J8,J10,J12,J16,J20) ≠ 0⃗.
Conversely, Proposition 2.6 proves that every P′-polarized K3 surface admits an
alternate fibration, and it follows from the given substitution that from an alternate
fibration a quartic can be constructed using Equation (3.40). Thus, every P′-polarized
K3 surface, up to isomorphism, is realized as the resolution of the quartic in Equa-
tion (3.33). 
We also make the following:
Remark 3.8. The Nikulin involution in Proposition 3.6 acts as the VanGeemen-Sarti
involution associated with fibration (1) in Theorem 3.7.
3.3. Projective model for P′′-polarized K3 surfaces. We also prove the analogue
of Theorem 3.4 for the family of K3 surfaces defined by Vinberg in [66]. The Picard
rank of the K3 surfaces in this family vary between 13 and 16. Since A,B,C ≠ 0
in [66, Eqn. (13)], we rescale the coordinates to achieve A = −1,B = 4,C = 1. Let
(f1,2, f2,2, f1,3, f2,3, f3,3, g0, g1, g3) ∈ C8 be a generic set of parameters. Consider the
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projective surface Q′′(f1,2, . . . , g3) in P3 = P(x0,x1,x2,x3) defined by the homogeneous
quartic equation
(3.42) x20x2x3 − 4x
3
1x3 − x
4
2 − x1x
2
3 g(x0,x1,x3) − x2x3 f(x1,x2,x3) = 0 ,
with
(3.43) g = g0x0 + g1x1 + g3x3 , f = f12x1x2 + f22x22 + f13x1x3 + f23x2x3 + f33x23 .
We then have the following:
Theorem 3.9. Assume that (f1,3, f2,3, f3,3, g0, g1, g3) ≠ 0⃗. The minimal resolution of
Equation (3.42) is a K3 surface X ′′ endowed with a canonical H ⊕E8(−1)⊕A3(−1)-
polarization. Conversely, every H ⊕ E8(−1) ⊕ A3(−1)-polarized K3 surface has a
birational projective model given by Equation (3.42). In particular, every Jacobian
elliptic fibration on a generic H ⊕E8(−1)⊕A3(−1)-polarized K3 surface (determined
in Proposition 2.5) is attained on X ′′ as follows:
# singular fibers MW root lattice substitution [x0 ∶ x1 ∶ x2 ∶ x3] =
1 II∗ + I4 + 10I1 {I} E8 +A3 [y + g0v2/2 ∶ uvx ∶ 4u3v3z ∶ 4u2v4z]
2 I∗7 + 11I1 {I} D11 [√2y + g0uv5z ∶ uvx ∶ 2v2x ∶ 4v6z]
Every Jacobian elliptic fibration on a generic P′′ = H ⊕ E8(−1) ⊕ D4(−1)-polarized
K3 surface (determined in Proposition 2.4) is attained on X ′′ by setting g0 = 0 in the
table above. They are given by:
# singular fibers MW root lattice substitution [x0 ∶ x1 ∶ x2 ∶ x3] =
1 II∗ + I∗0 + 8I1 {I} E8 +D4 [y ∶ uvx ∶ 4u3v3z ∶ 4u2v4z]
2 I∗8 + 10I1 {I} D12 [√2y ∶ uvx ∶ 2v2x ∶ 4v6z]
Moreover, for g0 = g3 = 0 and g0 = g3 = f33 = 0 the polarizing lattice extends to the
lattices H ⊕E8(−1)⊕D5(−1) and H ⊕E8(−1)⊕D6(−1), respectively.
Proof. One constructs the explicit Weierstrass models using the substitutions pro-
vided in the statement. Using fibration (1) it follows immediately that a K3 surface
X ′′ is endowed with a canonical H ⊕ E8(−1) ⊕ A3(−1)-polarization. We proved in
Proposition 2.5 that there are only two inequivalent Jacobian elliptic fibrations on
K3 surfaces with a Ne´ron-Severi lattice isomorphic to H ⊕ E8(−1) ⊕ A3(−1). We
realized both as explicit Weierstrass models. The Vinberg quartic determines a K3
surface if and only if the given substitution for fibration (1) determines an irreducible,
minimal Weierstrass model. One checks using fibration (1) that this is the case if and
only if
(3.44) (f1,3, f2,3, f3,3, g0, g1, g3) ≠ 0⃗ .
Conversely, it was proved in [66] that every H ⊕E8(−1) ⊕A3(−1)-polarized K3 sur-
face, up to isomorphism, is realized as the minimal resolution of a quartic in Equa-
tion (6.13). Lastly, it was proven in [66] that the extension in Equation (1.16) to
n = 6 occurs along the locus g0 = 0, and to n = 5 along g0 = g3 = 0. Similarly, the
extension to n = 4 occurs when f33 = g0 = g3 = 0. One checks that fibration (1) has
singular fibers II∗ + I∗1 + 7I1 and II
∗
+ I∗2 + 6I1 for g0 = g3 = 0 and g0 = g3 = f33 = 0,
respectively. 
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We also have:
Proposition 3.10. Using the notation above, for (η, ι) = (κ,λ) = (0,1) and g0 = g3 =
f33 = 0 and
(3.45)
f1,2 = −3α = −3j4 , f2,2 = −β = −j6 ,
g1 = γε = j8 , f1,3 = −γζ+δε2 = −
j10
2
, f2,3 = δζ4 =
j12
4
,
the quartics in Equation (3.42) and Equation (3.1) are birationally equivalent. Here,
{j2k}6k=2 are the invariants given in Theorem 2.14 and coincide with the generators of
A(D4,Γ4) in Equation (1.15) defined by Vinberg.
Proof. The birational map P3 ⇢ P3 given by
[X ∶Y ∶ Z ∶W] ↦ [2x1x2 ∶ 2x0x2 ∶ −x3(2εx1 − ζx2) ∶ 2x22] ,
with the birational inverse P3 ⇢ P3 given by
[x0 ∶ x1 ∶ x2 ∶ x3]↦ [(2εX − ζW)Y ∶ (2εX − ζW)X ∶ (2εX − ζW)W ∶ −2ZW] ,
realizes the equivalence. We already proved in [3] that in the case (η, ι) = (κ,λ) =
(0,1) the non-vanishing invariants {j2k}6k=2 coincide with the generators of A(D4,Γ4)
in Equation (1.15) defined by Vinberg. 
For Λ ∈ C× the projective automorphism, given by
P
3 → P3, [x0 ∶ x1 ∶ x2 ∶ x3] ↦ [ Λx0 ∶ x1 ∶ Λ−2x2 ∶ Λ−8x3 ] ,
extends to an isomorphism of K3 surfaces that rescales the coefficients according to
(3.46)
(f1,2, f2,2, g1, f1,3, f2,3, g20 , g3, f3,3)↦
(Λ4f1,2,Λ6f2,2,Λ8g1,Λ10f1,3,Λ12f2,3,Λ14g20 ,Λ16g3,Λ18f3,3) .
Moreover, one can tell precisely when two members of the family in Equation (3.42)
are isomorphic. Using an appropriate normal form for fibration (1) in Theorem 3.9
and an analogous argument as in Sections 2.2.1 and 2.2.2, it follows that two members
are isomorphic if and only if their coefficient sets are related by Equation (3.46). We
use Equations (3.45), set j14 = g20, j16 = g3, j18 = f3,3, and obtain the following:
Theorem 3.11. The seven-dimensional open analytic space
(3.47) M′′ = { [j4 ∶ ⋅ ⋅ ⋅ ∶ j18] ∈WP(4,6,8,10,12,14,16,18) ∣ (j8, j10, j12, j14, j16, j18) ≠ 0⃗ }
forms a coarse moduli space for H⊕E8(−1)⊕A3(−1)-polarized K3 surfaces. Moreover,
the coarse moduli space for P′′ = H ⊕ E8(−1) ⊕D4(−1)-polarized K3 surfaces is the
subspace given by j14 = 0, for H ⊕ E8(−1) ⊕D5(−1)-polarized K3 surfaces given by
j14 = j16 = 0, and for H ⊕E8(−1)⊕D6(−1)-polarized K3 surfaces by j14 = j16 = j18 = 0.
Proof. One checks that the Weierstrass models in Theorem 3.9 only depend on g20.
It follows that j14 = g20 is a coordinate on the moduli space. As proved by Vinberg
in [66] the invariants j4, . . . , j18, up to the rescaling given by Equation (3.45), freely
generate the coordinate ring of the moduli space. The remainder of the statement
follows directly from Theorem 3.9 or was already proven in [66]. 
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4. Dual graphs of rational curves for certain quartics
In this section we determine the dual graphs of smooth rational curves and their
intersection properties on the K3 surfaces X , X ′, and X ′′ with the rank-fourteen
Ne´ron-Severi lattices P, P′, and P′′, respectively. Following Kondo [33], we define
the dual graph of smooth rational curves to be the simplicial complex whose set of
vertices is a set of smooth rational curves on a K3 surface such that the vertices Σ,Σ′
are joint by an m-fold edge if and only if Σ ○ Σ′ = m. For Picard rank bigger than
or equal to 15, the possible dual graphs of all smooth rational curves on K3 surfaces
with finite automorphism groups were determined in [52, Sec. 4].
4.1. The graph for quartics realizing P-polarized K3 surfaces. We will now
determine the dual graph of smooth rational curves and their intersection properties
for the K3 surfaces X in Theorem 3.4 with Ne´ron-Severi lattice P obtained from the
quartic projective surfaces Q(α,β, γ, δ, ε, ζ, η, ι, κ, λ) in Equation (3.1). The case of
the K3 surfaces X of Picard rank 15 and the embedding of the reducible fibers into
the dual graph of smooth rational curves are determined in Appendix A. A summary
of the results for the case of Picard rank 16 (obtained by the authors in [11]) can be
found in Appendix B.
We consider the following complete intersections that can be easily checked to lie
on the quartic Q in Equation (3.1):
R1 ∶{ 0 = 2εX − ζW0 = (3αε2ζ + 2βε3 − ζ3)W2 − ε(ει − ηζ)(δε − γζ)ZW + 2ε3Y2,
R2 ∶{ 0 = 2γX − δW0 = γ(γλ − δκ)(γζ − δε)W3 − (3αγ2δ + 2βγ3 − δ3)ZW2 − 2γ3Y2Z,
R3 ∶{ 0 = 2ηX − ιW0 = η(ηλ − ικ)(ει − ζη)W3 − (ι3 − 3αη2ι − 2βη3)ZW2 + 2η3Y2Z,
and
R4 ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = 2εX − ζW + γεηZ
0 = (δζι − 2βγεη + γ2ε2η2λ)W2 + 4(δεη + γζη + γει)X2 − 2γεηY2
− 2(3αγεη + γζι + δει + δζη + γ2ε2η2κ)XW,
R5 ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = γεηλW3 − διW2Z − 2γεηκW2X + 2(γι + δη)XZW − 4γηX2Z
0 = (δζι − 2βγεη + γ2ε2η2λ)W2 + 4(δεη + γζη + γει)X2 − 2γεηY2
− 2(3αγεη + γζι + δει + δζη + γ2ε2η2κ)XW,
and
R6 ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = 2κX − λW + γκηZ
0 = (διλ − 2βγηκ + γ2ζη2κ2)W2 + 4(δηκ + γηλ + γικ)X2 − 2γηκY2
− 2(3αγηκ + γιλ + δικ + δηλ + γ2εη2κ2)XW,
R7 ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = γζηκW3 − διW2Z − 2γεηκW2X + 2(γι + δη)XZW − 4γηX2Z
0 = (διλ − 2βγηκ + γ2ζη2κ2)W2 + 4(δηκ + γηλ + γικ)X2 − 2γηκY2
− 2(3αγηκ + γιλ + δικ + δηλ + γ2εη2κ2)XW,
ON K3 SURFACES OF PICARD RANK 14 33
a5 a6 a7a4a3
L1
a1b2
a2
R3b1
L3R1
L5R8
R2b3
R9
R4
R6
R11
R12
R5
R7
R10
L4L2
(a) with double lines and simple lines
a5 a6 a7a4a3
L1a2
R9
R4
R6
R11
R12
R5
R7
R10
L4L2
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Figure 2. Rational curves on X with Ne´ron-Severi lattice P
and
R8 ∶{ 0 = 2κX − λW0 = (3ακ2λ + 2βκ3 − λ3)W2 − κ(ηλ − ικ)(γλ − δκ)ZW + 2κ3Y2,
and
R9 ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = ζλW2 − δεηκWZ − 2(ελ + ζκ)WX + 2γεηκXZ + 4εκX2
0 = (ζιλ − 2βεηκ + δε2η2κ2)W2 + 4(ζηκ + εηλ + εικ)X2 − 2εηκY2
− 2(3αεηκ + ειλ + ζικ + ζηλ + γε2η2κ2)XW,
R10 ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = εηκW2 − ιWZ + 2ηXZ
0 = (ζιλ − 2βεηκ + δε2η2κ2)W2 + 4(ζηκ + εηλ + εικ)X2 − 2εηκY2
− 2(3αεηκ + ειλ + ζικ + ζηλ + γε2η2κ2)XW,
and
R11 ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = ζλW2 − γεικWZ − 2(ελ + ζκ)WX + 2γεηκXZ + 4εκX2
0 = (δζλ − 2βγεκ + γ2ε2ικ2)W2 + 4(γζκ + γελ + δεκ)X2 − 2γεκY2
− 2(3αγεκ + δελ + δζκ + γζλ + γ2ε2ηκ2)XW.
R12 ∶
⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 = εηκW2 − δWZ + 2γXZ
0 = (δζλ − 2βγεκ + γ2ε2ικ2)W2 + 4(γζκ + γελ + δεκ)X2 − 2γεκY2
− 2(3αγεκ + δελ + δζκ + γζλ + γ2ε2ηκ2)XW.
When resolving the quartic surface (3.1), the above curves lift to smooth ratio-
nal curves on X (α,β, γ, δ, ε, ζ, η, ι, κ, λ), which by a slight abuse of notation we shall
denote by the same symbol. One easily verifies that for generic parameters the sin-
gularity at P1 is a rational double point of type A7, and P2 is of type A3. The two
sets {a1, a2, . . . , a7} and {b1, b2, b3} will denote the curves appearing from resolving the
rational double point singularities at P1 and P2, respectively. We have the following:
Theorem 4.1. Assume that (γ, δ), (ε, ζ), (η, ι), (κ,λ) ≠ (0,0). For a K3 surface X
with Ne´ron-Severi lattice P in Theorem 3.4 the dual graph of smooth rational curves
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is given by Figure 2 where single and double edges are shown in Figure 2a and six-fold
and four-fold edges are shown in Figure 2b.
Remark 4.2. The embeddings of the reducible fibers for each elliptic fibration in
Theorem 3.4 into the graph given by Figure 2 will be constructed in Sections 4.1.1-
4.1.5 for Picard rank 14, in Sections A.1-A.4 for Picard rank 15, and in Sections B.1-
B.4 for Picard rank 16.
Proof. Assuming appropriate generic conditions, the above equations determine pro-
jective curves R1,R4,R6,R8, and R2,R3 of degrees two and three, respectively. The
conic R1 is a (generically smooth) rational curve tangent to L1 at P2. The cubics R2,
R3 pass through the points P1,P2. The cubic R2 has a double point at P2, passes
through P1 and is generically irreducible. For the pairs of curves {R4,R5}, {R6,R7},
{R9,R10}, {R11,R12}, their respective second equations coincide and determine Y2.
Thus, six intersection points of R4 and R5 are given by the solutions of
(δζι − γ2ε2η2λ)W3 − 2(γζι + δει + δζη − 2γ2ε2η2κ)XW2
+4(γει + γζη + δεη)X2W − 8γεηX3 = 0 ,(4.1)
and 2εX−ζW−γεηZ = 0 and Y2 = . . . . An analogous computation allows to compute
the six intersection points of {R6,R7}, {R9,R10}, {R11,R12}. Similarly, one shows
that each pair out of {R4,R7}, {R4,R10}, {R4,R12}, {R5,R6}, {R5,R9}, {R5,R11},
{R6,R10}, {R6,R12}, {R7,R9}, {R7,R11}, {R9,R12}, {R10,R11}, has four intersection
points. These six-fold and four-fold edges are shown in Figure 2b.
From the surface in Equation (3.1), we derive the following intersection properties
for the nodes in the graph of smooth rational curves on X by explicit computation:
(0) surface model:
P1 double point on Q of type A7: adjacent nodes a1, . . . , a7,
P2 double point on Q of type A3: adjacent nodes b1, . . . , b3,
L1 contains P1,P2: single line to aj, single line to bk, no line to Rn,
L2 contains P1, not P2: single line to aj , no line to bk,
connects to R5,R7,R10,R12 with double line, no line to other Rn,
L3 contains P1, not P2: single line to aj , no line to bk,
connects to R1,R4,R7,R9,R11 with double line, no line to other Rn,
L4 contains P1, not P2: single line to aj , no line to bk,
connects to R4,R6,R9,R11 with double line, no line to other Rn,
L5 contains P1, not P2: single line to aj , no line to bk,
connects to R5,R6,R8,R9,R11 with double line, no line to other Rn,
R1 contains not P1, but P2: no line to aj , single line to bk,
double lines to L3,R5,R6,R10,R12, no line to other Rn,
R2 contains P1 and P2 (sing): single line to aj , double line to bk,
double lines to R4,R6,R10,R11, no line to other Rn,
R3 contains P1 and P2 (sing): single line to aj , double line to bk,
double lines to R4,R6,R9,R12, no line to other Rn,
R4 contains not P1 nor P2: no line to aj , no line to bk,
double lines to L3,L4,R2,R3,R8,
four-fold lines to R7,R10,R12,
six-fold line to R5,
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R5 contains not P1, but P2 (sing): no line to aj , double line to bk,
double line to L2,L5,R1,
four-fold lines to R6,R9,R11,
six-fold line to R4,
R6 contains not P1 nor P2: no line to aj , no line to bk,
doubles lines to L4,L5,R1,R2,R3,
four-fold lines to R5,R10,R12,
six-fold line to R7,
R7 contains not P1, but P2 (sing): no line to aj , double line to bk,
double line to L2,L3,R8,
four-fold lines to R4,R9,R11,
six-fold line to R6,
R8 contains not P1, but P2: no line to aj , single line to bk,
double lines to L5,R4,R7,R10,R12, no line to other Rn,
R9 contains not P1, but P2 (sing): no line to aj , double line to bk,
double line to L3,L4,L5,R3,
four-fold lines to R5,R7,R12,
six-fold line to R10,
R10 contains not P1, but P2 (sing): no line to aj , double line to bk,
double lines to L2,R1,R2,R8,
four-fold lines to R4,R6,R11,
six-fold line to R9,
R11 contains not P1, but P2 (sing): no line to aj , double line to bk,
double line to L3,L4,L5,R2,
four-fold lines to R5,R7,R10,
six-fold line to R12,
R12 contains not P1, but P2 (sing): no line to aj , double line to bk,
double lines to L2,R1,R3,R8,
four-fold lines to R4,R6,R9,
six-fold line to R11.
Moreover, from the elliptic fibrations in Theorem 3.4, we can determine what ratio-
nal curves are contained in certain reducible fibers. Here, we use the same notation
as in the proof of Theorem 3.4:
(1) alternate fibration, pencil L1(u, v) = 0⇒ uv = 2XW :
Dˆ8 over v = 0: contains L2,L4,
Aˆ1 over
u
v
= δ
γ
: contains R2,
Aˆ1 over
u
v
= ζ
ε
: contains L3,R1,
Aˆ1 over
u
v
= ι
η
: contains R3,
Aˆ1 over
u
v
= λ
κ
: contains L5,R8,
(2a) standard fibration, pencil L2(u, v) = 0⇒ uv = ZW :
Dˆ6 over u = 0: contains L3,L5,
Dˆ6 over v = 0: contains L1,L4,
(2b) standard fibration, pencil C2(u, v) = 0⇒ uv = W(2εX−ζW)(2κX−λW)Z(2γX−δW)(2ηX−ιW) :
Dˆ6 over u = 0: contains L4,R1,R8,
Dˆ6 over v = 0: contains R2,R3,
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(3a) base-fiber-dual fibration, pencil L3(u, v) = 0⇒ uv = 2εX−ζWZ :
Eˆ7 over v = 0: contains L2,L5,
Dˆ4 over u = 0: contains L1,R1,
Aˆ1 over
u
v
= −γεη: contains L4,R4,
(3b) base-fiber-dual fibration, pencil C3(u, v) = 0⇒ uv = Z(2γX−δW)(2ηX−ιZ)W2(2κX−λW) :
Eˆ7 over v = 0: contains L4,R8,
Dˆ4 over u = 0: contains L3,R2,R3,
Aˆ1 over
u
v
= −γεη: contains R5,
(3′a) base-fiber-dual fibration, pencil C˜3(u, v) = 0⇒ uv = ζλW2−2(ελ+ζκ)WX+...γεηκWZ :
Eˆ8 over v = 0: contains L2,
Aˆ1 over
u
v
= ζ
ε
: contains R1,R6,
Aˆ1 over
u
v
= λ
κ
: contains R4,R8,
Aˆ1 over
u
v
= δ
γ
: contains R9,
Aˆ1 over
u
v
= ι
η
: contains R11,
(3′b) base-fiber-dual fibration, pencil C′3(u, v) = 0⇒ uv = 2γεηκW2X+διW2Z+...γεηκW3 :
Eˆ8 over v = 0: contains L4,
Aˆ1 over
u
v
= ζ
ε
: contains L3,R7,
Aˆ1 over
u
v
= λ
κ
: contains L5,R5,
Aˆ1 over
u
v
= δ
γ
: contains R2,R10,
Aˆ1 over
u
v
= ι
η
: contains R3,R12,
(4a) maximal fibration, pencil L4(u, v) = 0⇒ uv = 2X+γηZW :
Dˆ10 over v = 0: contains L1,L2,
Aˆ1 over
u
v
= ζ
ε
: contains L3,R4,
Aˆ1 over
u
v
= λ
κ
: contains L5,R6,
(4b) maximal fibration, pencil C4(u, v) = 0⇒ uv = degree four termWZ(2γX−δW)(2ηX−ιW) :
Dˆ10 over v = 0: contains L4,R2,R3,
Aˆ1 over
u
v
= ζ
ε
: contains R1,R5,
Aˆ1 over
u
v
= λ
κ
: contains R7,R8.
These results then determine Figure 2 uniquely. 
We have the following:
Proposition 4.3. The polarization of a generic K3 surface X (α,β, γ, δ, ε, ζ, η, ι, κ, λ)
is given by the divisor
(4.2) H = 2L2 + L3 + L5 + 3a1 + 4a2 + 5a3 + 4a4 + 3a5 + 2a6 + a7 ,
such that H2 = 4 and H○F = 3, where F is the smooth fiber class of any elliptic fibration
in Theorem 3.4 which is obtained as residual surface intersection of the quartic Q with
a line Li for i = 1, . . . ,5.
Proof. Using the reducible fibers provided for each fibration in Sections 4.1.1-4.1.5,
there are several equivalent ways to express the smooth fiber class for a given fi-
bration. In this way, we obtain the liner relations between the divisors R1, . . . ,R12,
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Figure 3. The alternate fibration on X
L1, . . . ,L5, and a1, . . . , a7, b1, b2, b3. From these relations, we obtain the divisor classes
of R1, . . . ,R12 and L4 as linear combinations with integer coefficients of the remaining
classes.
Looking at the standard fibration in Figure 4a, we observe that the nodes a6 and
a4 are the extra nodes of the two extended Dynkin diagrams of Dˆ6. It follows that
L1, . . . ,L5, a1, . . . , a3, a5, a7, b1, b2, b3, and the fiber class of the standard fibration form
a basis in NS(X ). Thus, the polarizing divisor can be written as a linear combination
(4.3) H = f Fstd +
5∑
i=1
li Li +
3∑
i=1
βi bi +
3∑
i=1
αi ai + α5 a5 + α7 a7 .
We use H ○ ai = H ○ bj = 0 for i = 1, . . . ,7 and j = 1,2,3, and H ○Lk = 1 for k = 1, . . . ,5.
We obtain a linear system of equations for the coefficients in Equation (4.3) whose
unique solution is given by Equation (4.2). We then check that H2 = 4 and H ○F = 3
for the fiber class F of every elliptic fibration obtained as residual surface intersection
of the quartic Q and Li for i = 1, . . . ,4; see Sections 4.1.1-4.1.5. 
We now construct the embeddings of the reducible fibers into the graph given by
Figure 2 for each elliptic fibration of Theorem 3.4:
4.1.1. The alternate fibration. There is one way of embedding the corresponding re-
ducible fibers of case (1) in Theorem 3.4 into the graph given by Figure 2. The
configuration is invariant when applying the Nikulin involution in Proposition 3.3
and shown in Figure 3. We have
Aˆ1 = ⟨b1,R3⟩ , Aˆ1 = ⟨R1,L3⟩ , Aˆ1 = ⟨b3,R2⟩ ,
Aˆ1 = ⟨R8,L5⟩ , Dˆ8 = ⟨a2,L2, a3, a4, a5, a6, a7,L4,L1⟩ .(4.4)
Thus, the smooth fiber class is given by
Falt = L1 + L2 + L4 + a2 + 2a3 + 2a4 + 2a5 + 2a6 + 2a7
= R1 + L3 = R2 + b3 = R3 + b1 = R8 + L5 ,(4.5)
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Figure 4. The standard fibration on X
and the classes of a section and two-torsion section are b2 and a1, respectively. Using
the polarizing divisor H in Equation (4.2), one checks that
(4.6) H −Falt − L1 ≡ a1 + ⋅ ⋅ ⋅ + a7 + b1 + 2b2 + b3 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q with the pencil of planes L1(u, v) = 0 in Equation (3.5), invariant under
the action of the Nikulin involution in Proposition 3.3; in the graph the action is
represented by a horizontal flip that also exchanges the two red nodes b2 and a1
representing the section and the two-torsion section.
4.1.2. The standard fibration. There are two ways of embedding the corresponding
reducible fibers of case (2) in Theorem 3.4 into the graph given by Figure 2. They
are depicted in Figure 4. In the case of Figure 4a, we have
(4.7) Dˆ6 = ⟨L3,L5, a1, a2, a3,L2, a4⟩ , Dˆ6 = ⟨b1, b3, b2,L1, a7,L4, a6⟩ .
Thus, the smooth fiber class is given by
Fstd = L2 + L3 + L5 + 2a1 + 2a2 + 2a3 + a4
= 2L1 + L4 + a6 + 2a7 + b1 + 2b2 + b3 ,(4.8)
and the class of a section is a5. Using the polarizing divisor H in Equation (4.2), one
checks that
(4.9) H − Fstd − L2 ≡ a1 + 2a2 + 3a3 + 3a4 + 3a5 + 2a6 + a7 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q with the pencil of planes L2(u, v) = 0 in Equation (3.10).
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 4b with
(4.10) Dˆ6 = ⟨R1,R8, b2,L1, a7,L4, a6⟩ , Dˆ6 = ⟨R2,R3, a1, a2, a3,L2, a4⟩ .
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Figure 5. The base-fiber dual fibration on X (using L3)
The smooth fiber class is now given by
Fˇstd = R1 +R8 + 2L1 + L4 + 2a7 + a6 + 2b2
= R2 +R3 + L2 + 2a1 + 2a2 + 2a3 + a4 ,
(4.11)
and the class of the section is a5. Using the polarizing divisor H in Equation (4.2),
one checks that
3H − Fˇstd − 2L1 − L2 − L3 − L5
≡ 3a1 + 4a2 + 5a3 + 5a4 + 5a5 + 4a6 + 3a7 + 3b1 + 4b2 + 3b3 .
(4.12)
This is consistent with the fact that this fibration is also obtained by intersecting
the quartic Q with the pencil of cubic surfaces C2(u, v) = 0 in Equation (3.15). One
checks that C2(u, v) = 0 contains L1,L2,L3,L5, and is tangent to L1.
4.1.3. The base-fiber dual fibration. There are several ways of embedding the corre-
sponding reducible fibers of case (3) in Theorem 3.4 into the graph given by Figure 2.
They are depicted in Figure 5. In the case of Figure 5a, we have
Eˆ7 = ⟨L5, a1, a2, a3,L2, a4, a5, a6⟩ , Dˆ4 = ⟨R1, b1, b2, b3,L1⟩ , Aˆ1 = ⟨R4,L4⟩ .(4.13)
Thus, the smooth fiber class is given by
Fbfd = 2L2 + L5 + 2a1 + 3a2 + 4a3 + 3a4 + 2a5 + a6
= R1 + L1 + b1 + 2b2 + b3 = R4 + L4 ,(4.14)
and the class of a section is a7. Using the polarizing divisor H in Equation (4.2), one
checks that
(4.15) H − Fbfd − L3 ≡ a1 + ⋅ ⋅ ⋅ + a7 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q with the pencil of planes L3(u, v) = 0 in Equation (3.16).
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 5b with
(4.16) Eˆ7 = ⟨R8, b2,L1, a7,L4, a6, a5, a4⟩ , Dˆ4 = ⟨R2,R3, a1,L3, a2⟩ , Aˆ1 = ⟨R5,L2⟩.
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Figure 6. The base-fiber dual fibration on X (using L5)
The smooth fiber class is given by
Fˇbfd = R8 + 3L1 + 2L4 + a4 + 2a5 + 3a6 + 4a7 + 2b2
= R2 +R3 + L3 + 2a1 + a2 = R5 + L2 ,
(4.17)
and the class of the section is a3. Using the polarizing divisor H in Equation (4.2),
one checks that
3H − Fˇbfd − 2L1 − 2L2 − L5
≡ 3a1 + 5a2 + 7a3 + 6a4 + 5a5 + 4a6 + 3a7 + 3b1 + 4b2 + 3b3 .
(4.18)
This is consistent with the fact that this fibration is also obtained by intersecting
the quartic Q with the pencil of cubic surfaces C3(u, v) = 0 in Equation (3.20). One
checks that C3(u, v) = 0 contains L1,L2,L5 and is tangent to L1,L2.
As explained in Section 3.1.3 a fibration with the same singular fibers, but different
moduli is obtained by swapping the roles of the lines L3 ↔ L5. In the case of Figure 6a,
we have
Eˆ7 = ⟨L3, a1, a2, a3,L2, a4, a5, a6⟩ , Dˆ4 = ⟨R8, b1, b2, b3,L1⟩ , Aˆ1 = ⟨R6,L4⟩ .(4.19)
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 6b with
(4.20) Eˆ7 = ⟨R1, b2,L1, a7,L4, a6, a5, a4⟩ , Dˆ4 = ⟨R2,R3, a1,L5, a2⟩ , Aˆ1 = ⟨R7,L2⟩.
4.1.4. The base-fiber dual fibration – case (3′). There are two ways of embedding the
corresponding reducible fibers of case (3′) in Theorem 3.4 into the graph given by
Figure 2. They are depicted in Figure 7. In the case of Figure 7a, we have
Eˆ8 = ⟨a1, a2,L2, a3, a4, a5, a6, a7,L1⟩ , Aˆ1 = ⟨R4,R8⟩ ,
Aˆ1 = ⟨R6,R1⟩ , Aˆ1 = ⟨R9, b1⟩ , Aˆ1 = ⟨R11, b3⟩ .(4.21)
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Figure 7. The base-fiber dual fibration on X – case (3′)
Thus, the smooth fiber class is given by
F′bfd = L1 + 3L2 + 2a1 + 4a2 + 6a3 + 5a4 + 4a5 + 2a6 + 2a7
= R1 +R6 = R4 +R8 = R9 + b1 = R11 + b3 ,
(4.22)
and the class of a section is b2. Using the polarizing divisor H in Equation (4.2), one
checks that
(4.23) 2H − F′bfd − L1 − L3 − L4 − L5 ≡ 2a1 + ⋅ ⋅ ⋅ + 2a7 + b1 + 2b2 + b3 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q with the pencil C˜3(u, v) = 0 in Equation (3.21). One checks that C˜3(u, v) = 0
contains L1,L3,L4,L5.
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 7b with
Eˆ8 = ⟨b2,L1,L4, a7, a6, a5, a4, a3, a2⟩ , Aˆ1 = ⟨R5,L5⟩ ,
Aˆ1 = ⟨R7,L3⟩ , Aˆ1 = ⟨R12,R3⟩ , Aˆ1 = ⟨R10,R2⟩ .(4.24)
The smooth fiber class is given by
Fˇ′bfd = 4L1 + 3L4 + a4 + 2a5 + 3a6 + 4a7 + 5a8 + 6a9 + 2b2
= R2 +R10 = R3 +R12 = R5 + L5 = R7 + L3 ,
(4.25)
and the class of a section is a1. Using the polarizing divisor H in Equation (4.2), one
checks that
(4.26) 3H − Fˇ′bfd − 2L1 − 3L2 ≡ 3a1 + 5a2 + 7a3 + 6a4 + 5a5 + 4a6 + 3a7 + 3b1 + 4b2 + 3b3 .
This is consistent with the fact that this fibration is also obtained by intersecting the
quartic Q with the pencil C′3(u, v) = 0 in Equation (3.26). One checks that C′3(u, v) = 0
contains L1,L2 and is also tangent to L1,L2.
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Figure 8. The maximal fibration on X
4.1.5. The maximal fibration. There are two ways of embedding the corresponding
reducible fibers of case (4) in Theorem 3.4 into the graph given by Figure 2. They
are depicted in Figure 8. In the case of Figure 8a, we have
(4.27) Dˆ10 = ⟨b1, b3, b2,L1, a7, a6, a5, a4, a3,L2, a2⟩ , Aˆ1 = ⟨R4,L3⟩ , Aˆ1 = ⟨R6,L5⟩ .
Thus, the smooth fiber class is given by
Fmax = 2L1 + L2 + a2 + 2a3 + 2a4 + 2a5 + 2a6 + 2a7 + b1 + 2b2 + b3
= R4 + L3 = R6 + L5 ,(4.28)
and the class of a section is a1. Using the polarizing divisor H in Equation (4.2), one
checks that
(4.29) H − Fmax − L4 ≡ a1 + a2 + a3 + a4 + a5 + a6 + a7 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q with the pencil of planes L4(u, v) = 0 in Equation (3.27).
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 8b with
(4.30) Dˆ10 = ⟨R2,R3, a1, a2, a3, a4, a5, a6, a7,L4,L1⟩ , Aˆ1 = ⟨R5,R1⟩ , Aˆ1 = ⟨R7,R8⟩ .
The smooth fiber class is given by
Fˇmax = R2 +R3 + L1 + L4 + 2a1 + 2a2 + 2a3 + 2a5 + 2a6 + 2a7
= R1 +R5 = R7 +R8 ,
(4.31)
and the class of the section is b2. Using the polarizing divisor H in Equation (4.2),
one checks that
4H − Fˇmax − 3L1 − 3L2 − L3 − L5
≡ 4a1 + 6a2 + 8a3 + 7a4 + 6a5 + 5a6 + 4a7 + 4b1 + 6b2 + 4b3 .
(4.32)
This is consistent with the fact that this fibration is also obtained by intersecting the
quartic Q with the pencil of quartic surfaces C4(u, v) = 0 in Equation (3.32). One
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Figure 9. Rational curves on X ′ with Ne´ron-Severi lattice P′
checks that C4(u, v) = 0 contains L1,L2,L3,L5, is tangent to L1,L2, and has also a
vanishing Hessian along L1.
4.2. The graph for quartics realizing P′-polarized K3 surfaces. Next, we will
construct the dual graph of smooth rational curves for the K3 surfaces X ′ in Theo-
rem 3.7 with Ne´ron-Severi lattice P′ obtained from Q′(f2, f1, f0, g0, h2, h1, h0) in Equa-
tion (3.38). The graph can be constructed by the tools developed in Section 4.1. We
state the following result using the parameters in Equation (3.39):
Theorem 4.4. Assume that (J6,J8,J10,J12,J16,J20) ≠ 0⃗. For a K3 surface X ′ with
Ne´ron-Severi lattice P′ in Theorem 3.7 the dual graph of smooth rational curves is
given by Figure 9.
Analogous to Sections 4.1.1-4.1.5, one can construct the embeddings of the reducible
fibers for each elliptic fibration of Picard rank 14 in Theorem 3.7 into the graph given
by Figure 9: for fibration (1) the graph is Figure 10a where the green nodes rep-
resent the reducible fiber of type Eˆ7, the blue/yellow/magenta/orange/brown nodes
represent the reducible fibers of type Aˆ1, and the red node represents the class of
the section and the two-torsion section. Notice that the diagram is invariant under
the action of the Nikulin involution in Proposition 3.6; in the graph the action is
represented by a horizontal flip that also exchanges the two red nodes representing
the section and the two-torsion section. The same behavior occurred for the alternate
fibration on the K3 surface X and was discussed in Section 4.1.1.
Similarly, for fibration (2) the graph is given by Figure 10b where the green nodes
represent the reducible fiber of type Dˆ8, the blue nodes represent the reducible fiber
of type Dˆ4, and the red node represents the class of the section. As in Section 4.1.2
we obtain a second embedding with the same singular fibers by applying the Nikulin
involution in Proposition 3.6; the graph for that second configuration with the same
singular fibers is represented by a horizontal flip of the first one. The same behav-
ior occurred for the standard fibration on the K3 surface X and was discussed in
Section 4.1.2.
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Figure 10. The two fibrations on X ′
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Figure 11. Rational curves on X ′′ with Ne´ron-Severi lattice P′′
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Figure 12. The two fibrations on X ′′
4.3. The graph for quartics realizing P′′-polarized K3 surfaces. Finally, we
will comment on the dual graph of smooth rational curves for the K3 surfaces X ′′
in Theorem 3.9 with Ne´ron-Severi lattice P′′ obtained from the quartic projective
surface Q′′(f1,2, f2,2, f1,3, f2,3, f3,3, g0, g1, g3) with g0 = 0 in Equation (3.42). The graph
was already determined in [66, Table 2], and we recall the following:
Theorem 4.5 (Vinberg). Assume that (f1,3, f2,3, f3,3, g1, g3) ≠ 0⃗. For a K3 surface
X ′′ in Theorem 3.9 with Ne´ron-Severi lattice P′′ the dual graph of smooth rational
curves is given by Figure 11.
It is easy to construct embeddings of the reducible fibers for each elliptic fibration
of Picard rank 14 in Theorem 3.9 into the graph given by Figure 11: for fibration (1)
the graph is Figure 12a where the green nodes represent the reducible fiber of type Eˆ8,
the blue nodes represent the reducible fiber of type Dˆ4, and the red node represents
the class of the section. Similarly, for fibration (2) the graph is given by Figure 12b
where the green nodes represent the reducible fiber of type Dˆ12 and the red node
represents the class of the section.
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5. The corresponding double sextic K3 surfaces
In this section we discuss the family of K3 surfaces Y, obtained from the family
of Inose K3 surfaces X using the Van Geemen-Sarti-Nikulin duality. We start by
constructing a family of double sextic surfaces from the double covers of the projective
plane branched on three lines coincident in a point and a cubic not meeting the point
of coincidence. We then show that these are K3 surfaces admit a standard and an
alternate fibration. The latter identifies them as the K3 surfaces associated with the
Inose K3 surfaces X under the VanGeemen-Sarti-Nikulin duality.
5.1. Double covers of the projective plane. Let Y¯ be the double cover of the
projective plane P2 = P(Z1,Z2,Z3) branched along the union of three lines ℓ1, ℓ2, ℓ3
coincident in a point and a cubic C. We call such a configuration generic if the cubic
is smooth and meets the three lines in nine distinct points. In particular, the cubic
does not meet the point of coincidence of the three lines. We construct a geometric
model as follows: we use a suitable projective transformation to move the line ℓ3 to
ℓ3 = V(Z3). We then mark three distinct points q0, q1, and q∞ on ℓ3 and use a Mo¨bius
transformation to move these points to [Z1 ∶ Z2 ∶ Z3] = [0 ∶ 1 ∶ 0], [1 ∶ 1 ∶ 0], and
[1 ∶ 0 ∶ 0]. Up to scaling, the three lines, coincident in q1, are then given by
(5.1) ℓ1 = V(Z1 −Z2 + µZ3) , ℓ2 = V(Z1 −Z2 + νZ3) , ℓ3 = V(Z3) ,
for some parameters µ, ν with µ ≠ ν. Let the cubic C = V(C(Z1,Z2,Z3)) intersects
the line ℓ3 at q0, q∞, and at the point [−d2 ∶ c1 ∶ 0] ≠ [1 ∶ 1 ∶ 0]. Thus, we have
(5.2) C = e3Z33 + (d0Z1 + e1Z2)Z23 + (c0Z21 + d1Z1Z2 + e2Z22)Z3 +Z1Z2(c1Z1 + d2Z2) ,
which can be written as
(5.3) C = (c1Z2 + c0Z3)Z21 + (d2Z22 + d1Z2Z3 + d0Z23)Z1 + (e2Z22 + e1Z2Z3 + e0Z23)Z3,
such that in WP(1,1,1,3) = P(Z1,Z2,Z3, Y ) the surface Y¯ is given by
(5.4) Y 2 = (Z1 −Z2 + µZ3)(Z1 −Z2 + νZ3)Z3 C(Z1,Z2Z3) ,
for parameters µ, ν, c0, c1, d0, d1, d2, e0, e1, e2 such that c1 ≠ 0, c1 + d2 ≠ 0, µ ≠ ν, and C
is a smooth cubic that intersects each line ℓ1, ℓ2, ℓ3 in three distinct points. We have
the following:
Lemma 5.1. The cubic C is tangent to the line ℓ3 at q0 if and only if d2 = 0 and
the remaining parameters are generic. The cubic C is singular at q0 if and only if
d2 = e2 = 0 and the remaining parameters are generic; see Figure 13.
We also remark that the cubics C and C +Λℓ1ℓ2ℓ3 for Λ ∈ C have the same intersection
points with the lines ℓ1, ℓ2, ℓ3. After a suitable shift of coordinates, the parameters of
the cubic pencil C′ = C +Λℓ1ℓ2ℓ3 and C are related by
(5.5)
c′1 = c1, c′0 = c0 +Λ, d′2 = d2, d′1 = d1 − 2Λ,
d′0 = d0 + (µ + ν)Λ, e′2 = e2 +Λ, e′1 = e1 − (µ + ν)Λ, e′0 = e0 + µνΛ.
Returning to the cubic C, using an overall rescaling we can assume c1 = 1 in Equa-
tion (5.2). Next, we apply the transformation
(5.6) (Z1, Z2, Z3) ↦ (Z˜1, Z˜2, Z˜3) = (Z1 − d1
2
Z3, Z2 −
d1 + 2κ
2
Z3, Z3) ,
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Figure 13. The different branch loci for the K3 surfaces Y
and set
µ˜ = µ − d1
2
+ κ + κd2 , ν˜ = ν −
d1
2
+ κ + κd2 ,(5.7)
and
d˜2 = d2 , e˜2 = e2 −
1
2
d1d2 + κd
2
2 ,
e˜1 = e1 −
1
4
d21 + κ(d1d2 − 2e2) − κ2d22 ,
c˜0 = c0 − κ , d˜0 = d0 − c0d1 + 2κc0d2 − κ2d2 ,
e˜0 = e0 −
d0d1
2
+
c0d
2
1
4
+
κ
4
(d21 + 4d0d2 − 4c0d1d2 − 4e1) + κ
2
2
(2e2 − d1d2 + 2c0d22) .
(5.8)
This transformation leaves ℓ3 and q0, q1, and q∞ invariant, and we obtain
(5.9) ℓ1 = V(Z˜1 − Z˜2 + µ˜Z˜3) , ℓ2 = V(Z˜1 − Z˜2 + ν˜Z˜3) , ℓ3 = V(Z˜3) ,
and
(5.10) C = (Z˜2 + c˜0Z3)Z˜21 + (d˜2Z22 + d˜0Z23)Z˜1 + (e˜2Z˜22 + e˜1Z˜2Z˜3 + e˜0Z˜23)Z˜3 .
Since κ is a free parameter, we can impose one additional relation for the configura-
tion. A convenient choice (see Remark 5.7) turns out to be
(5.11) c˜0 + e˜2 = (1 + d˜2
2
)(µ˜ + ν˜) .
This choice is achieved by substituting
(5.12) κ = 2(µ + ν) − (d2 + 2)(c0 + e2)(d2 + 1)(d2 − 2)(d2 + 3) +
d2(d22 + 2d2 − 4)
2(d2 + 1)(d2 − 2)(d2 + 3)
into Equations (5.7) and (5.8). The only remaining projective action – leaving the
line ℓ1 and its marked points q0, q1, and q∞ invariant – is generated by rescaling Z3.
Under the action Z3 ↦ ΛZ3 with Λ ∈ C×, parameters of equivalent configurations are
related by
(5.13) (d˜2, µ˜, c˜0, e˜2, d˜0, e˜1, e˜0) ↦ (d˜2, Λµ˜, Λc˜0, Λe˜2, Λ2d˜0, Λ2e˜1, Λ3e0) .
In the following, we will drop tildes, always assume d2 ≠ −1 (to assure that the
cubic does not pass through q1 = [1 ∶ 1 ∶ 0], i.e., the point of coincidence of the three
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lines) and assume that µ and ν are related by Equation (5.11). These assumptions
fix all degrees of freedom except the scaling in Equation (5.13). We have proved the
following:
Lemma 5.2. Let Y¯ be the double cover of the projective plane P2 = P(Z1,Z2,Z3)
branched on three lines coincident in a point and a generic cubic. There are affine
parameters (d2, µ, c0, e2, d0, e1, e0) ∈ C7, unique up to the action given by
(5.14) (d2, µ, c0, e2, d0, e1, e0) ↦ (d2, Λµ, Λc0, Λe2, Λ2d0, Λ2e1, Λ3e0)
with Λ ∈ C×, such that Y¯ in WP(1,1,1,3) = P(Z1,Z2,Z3, Y ) is obtained by
Y 2 = (Z1 −Z2 + µZ3)(Z1 −Z2 + νZ3)Z3
× ((Z2 + c0Z3)Z21 + (d2Z22 + d0Z23)Z1 + (e2Z22 + e1Z2Z3 + e0Z23)Z3) ,(5.15)
with µ + ν = (1 + d2/2)(c0 + e2) and d2 ≠ −1.
5.2. Elliptic fibrations. We denote by Y the surface obtained as the minimal res-
olution of Y¯ . Since Y is the resolution of a double sextic surface, it is a K3 surface.
We will now construct two Jacobian elliptic fibrations on Y.
5.2.1. The standard fibration. The pencil of lines (Z1−Z2)− tZ3 = 0 for t ∈ C through
the point q1 = [1 ∶ 1 ∶ 0] induces an elliptic fibration on Y. We refer to this fibration
as the standard fibration. When substituting Z1 =X , Z2 =X − (c1 +d2)(t+µ)(t+ν)t,
and Z3 = (c1 + d2)(t + µ)(t + ν) into Equation (5.4) we obtain the Weierstrass model
Y 2 =X3 − (t + µ)(t + ν)((c1 + 2d2)t − (c0 + d1 + e2))X2
+ (c1 + d2)(t + µ)2(t + ν)2(d2t2 − (d1 + 2e2)t + (d0 + e1))X
+ (c1 + d2)2(t + µ)3(t + ν)3(e2t2 − e1t + e0) ,
(5.16)
with a discriminant function of the elliptic fibration ∆ = (t+µ)6(t+ν)6(c1 +d2)2p(t),
where p(t) = c21d22t6 + . . . is a polynomial of degree six. We have the following:
Lemma 5.3. A generic K3 surface Y admits a Jacobian elliptic fibration with the
singular fibers 3I∗0 + 6I1 and a trivial Mordell-Weil group.
Proof. Given the Weierstrass model in Equation (5.16) the statement is checked by
explicit computation. 
Since we always assume c1 ≠ 0, we have:
Corollary 5.4. The fibration in Lemma 5.3 has the singular fibers I∗1 + 2I
∗
0 + 5I1 if
and only if d2 = 0 and the remaining parameters are generic. It has the singular fibers
I∗2 + 2I
∗
0 + 4I1 if and only if d2 = e2 = 0 and the remaining parameters are generic,
and the singular fibers I∗3 + 2I
∗
0 + 3I1 if and only if d2 = e2 = e1 = 0 and the remaining
parameters are generic.
We also have the converse statement of Lemma 5.3:
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Proposition 5.5. A K3 surface admitting a Jacobian elliptic fibration with the sin-
gular fibers 3I∗0 + 6I1 and a trivial Mordell-Weil group arises as the double cover of
the projective plane branched on three lines coincident in a point and a cubic.
Proof. Using a Mo¨bius transformation we can move the base points of the three
singular fibers of type I∗0 to µ, ν,∞. An elliptic surfaces admitting the given Jacobian
elliptic fibration then has a Weierstrass model of the form
Y 2 =X3 + (t + µ)(t + ν)(c˜1t + c˜0)X2 + (t + µ)2(t + ν)2(d˜2t2 + d˜1t + d˜0)X
+ (t + µ)3(t + ν)3(e˜3t3 + e˜2t2 + e˜1t + e˜0) .(5.17)
A shift X ↦ X + ρt(t + µ)(t + ν) eliminates the coefficient e˜3 in Equation (5.17) if ρ
is a solution of ρ3 + c˜1ρ2 + d˜2ρ + e˜3 = 0. Thus, we can assume e˜3 = 0. Next, let c1 be a
root of c21 = c˜
2
1 − 4d˜2. Then substituting
c0 =
2d˜1
c1 − c˜1
+
4e˜2(c1 − c˜1)2 + c˜0, d0 =
2d˜0
c1 − c˜1
+
4e˜1(c1 − c˜1)2 , e0 =
4e˜0(c1 − c˜1)2 ,
d1 = −
2d˜2
c1 − c˜1
−
8e˜1(c1 − c˜1)2 , e1 = −
4e˜1(c1 − c˜1)2 ,
d2 = −
c1 + c˜1
2
, e2 =
4e˜2(c1 − c˜1)2 ,
(5.18)
into Equation (5.16) recovers Equation (5.17). 
5.2.2. The alternate fibration. The pencil of lines Z2 + tZ3 = 0 with t ∈ C through
the point q∞ = [1 ∶ 0 ∶ 0] induces a second elliptic fibration on Y. In fact, when
substituting Z1 = ν + t + (µ − ν)Q1/(Q1 −X), Z2 = t, Z3 = −1 into Equation (5.15) we
obtain the Weierstrass model
(5.19) Y 2 =X3 − 2A(t)X2 + (A(t)2 − 4B(t))X .
Here, we have introduced the polynomials
(5.20) Q1(t) = Qν,ν(t) , A(t) = Qµ,ν(t) , B(t) = 1
4
(Qµ,ν(t)2 −Qµ,µ(t) Qν,ν(t)) ,
using the definition
Qρ,σ = t3 +
(2 + d2)(ρ + σ) − 2(c0 + e2)
1 + d2
t2
+
d0 + e1 − c0(ρ + σ) + ρσ
1 + d2
t −
2e0 − d0(ρ + σ) + 2c0ρσ
2(1 + d2) .
(5.21)
One easily checks that A(t) = Qµ,ν(t) and S(t) = A(t)2 − 4B(t) = Qµ,µ(t) Qν,ν(t) are
monic polynomials of degree three and six, respectively. We have the following:
Lemma 5.6. A generic K3 surface Y admits a Jacobian elliptic fibration with the
singular fibers I∗2 + 6I2 + 4I1 and a Mordell-Weil group of sections Z/2Z.
Proof. Given the Weierstrass model in Equation (5.19) the statement is checked by
explicit computation. 
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Remark 5.7. The condition µ+ν = (1+d2/2)(c0+e2) imposed in Equation (5.11) im-
plies that for the monic polynomials A(t) = Qµ,ν(t) and A(t)2−4B(t) = Qµ,µ(t) Qν,ν(t)
of degree three and six, respectively, the sub-leading coefficients proportional to t2
(resp. t5) vanish.
We also have:
Corollary 5.8. The fibration in Lemma 5.6 has the singular fibers I∗3 + 6I2 + 3I1 if
and only if d2 = 0 and the remaining parameters are generic. It has the singular fibers
I∗4 + 6I2 + 2I1 if and only if d2 = e2 = 0 and the remaining parameters are generic, and
I∗5 + 6I2 + I1 if and only if d2 = e1 = e2 = 0 and the remaining parameters are generic.
Conversely, we can start with a Weierstrass model for the alternate fibration π′ ∶
Y → P1 in (2.12) given by
(5.22) Y 2 =X3 − 2A(t)X2 + (A(t)2 − 4B(t))X ,
where A and B are polynomials of degree three and four, respectively. We also assume
that A(t) is a monic polynomial whose coefficient proportional to t2 vanishes, and a
factorization S(t) = A(t)2 − 4B(t) = Q1(t)Q2(t) is given where Q1(t),Q2(t) are two
monic polynomials of degree three. We will now show that then we can recover a
projective model for Y¯ of the form given in Lemma 5.2.
We set
(5.23) F = t − µ , G = t − ν ,
and define the polynomials
(5.24)
C = Q1 +Q2 − 2A(F −G)2 , D = 2
A(F +G) − (FQ1 +GQ2)(F −G)2 , E =
(F 2Q1 +G2Q2) − 2AFG(F −G)2 .
Equation (5.22) can then be written as
(5.25) Y 2 =X3 − 2(E +CFG + D(F +G)
2
)X2 + (CF 2 +DF +E)(CG2 +DG +E)X.
The birational transformation, given by
(5.26) x = FX − (CF 2G +DFG +EG)
X − (CF 2 +DF +E) , y =
(F −G)(CF 2 +DF +E)Y
(X − (CF 2 +DF +E))2 ,
changes Equation (5.25) into
(5.27) y2 = (x −F)(x −G)(C x2 +Dx +E) .
For the given polynomials Q1 and Q2 such that S(t) = Q1(t)Q2(t), we write
Q1(t) = t3 − ρ2t2 + ρ4t − ρ6 = 3∏
i=1
(t − xi), Q2(t) = t3 − σ2t2 + σ4t − σ6 = 6∏
i=4
(t − xi)(5.28)
with σ2 = x1 + x2 + x3, σ4 = x1x2 + x1x3 + x2x3, and σ6 = x1x2x3, and ρ2, ρ4, ρ6 de-
fined analogously. In this way, the factorization S(t) = Q1(t)Q2(t) corresponds to a
partition of the Satake roots into {x1, x2, x3} and {x4, x5, x6}. As the Satake roots
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have weight two, σ2k and ρ2k have weight 2k for k = 1,2,3. Using s2 = 0 and Equa-
tions (2.23), it follows that
ρ2 = −σ2 , ρ4 = σ22 − σ4 − 6j4 ,
ρ6 = −
σ42 − σ
2
2σ4 − σ
2
4
2σ2
+
3(σ22 + σ4)j4
σ2
+
9j24
2σ2
+ 2j6 −
2j8
σ2
,
σ6 = −
σ42 − 3σ
2
2σ4 + σ
2
4
2σ2
+
3(σ22 − σ4)j4
σ2
−
9j24
2σ2
+ 2j6 +
2j8
σ2
.
(5.29)
We also introduce the more symmetric variable χ2 to replace σ4, such that
(5.30) σ4 =
σ22
2
−
σ2χ2
2
− 3j4 ⇔ χ2 = ρ4 − σ4
σ2
.
We can then express the remaining invariants j10, j12 in terms of σ2 = −ρ2, χ2 and
j4, j6, j8 as follows:
j10 =
σ22χ
3
2
32
+ (3σ42
32
−
3σ22j4
8
−
j8
2
)χ2 − σ22j6
2
,
j12 =
σ22χ
4
2
256
− (9σ42
128
−
3σ22j4
32
+
j8
8
)χ22 + σ
2
2j6χ2
2
+
(σ42 − 12j4σ2 + 16j8)2
256σ22
.
(5.31)
Conversely, given the invariants {j2k}6k=2 the quantities σ2 and χ2 correspond to a
choice of solutions for two polynomials equations. In fact, from Equations (5.31)
we can eliminate χ2 and obtain a polynomial equation for σ2 with coefficients in
Z[j4, . . . , j12] of degree 20 = (63), corresponding to the number of choices for selecting
three out of six Satake roots.
For A(t) = t3 +a1t+a0 and B(t) = b4t4 + b3t3 + ⋅ ⋅ ⋅ + b0 we find S(t) = A(t)2 −4B(t) =
t6 + 2(a1 − 2b4)t4 + 2(a0 − 2b3)t3 . . . . Because of Equation (2.24) we can write
(5.32) A(t) = t3 + (2b4 − 3j4)t + (2b3 − 2j6) .
In Equation (5.23) we set
(5.33) µ, ν = 4σ2b3 ±
1
2
σ2(σ2 + 2b4)(σ22 − (χ2 + 4b4)σ2 + 4b24) .
The choice minimizes the degree of the polynomial E and eliminates the linear term
in D, so that Equations (5.24) now yield
C = t − σ32χ2 + 4σ2b3 , D = −
4b4
σ2 + 2b4
t2 + d0 , E =
4σ2b3(σ2 − 2b4)
σ2 + 2b4
t2 + e1t + e0 ,(5.34)
and
F = t − µ = t − 4σ2b3 −
1
2
σ2(σ2 + 2b4)(σ22 − (χ2 + 4b4)σ2 + 4b24) ,
G = t − ν = t − 4σ2b3 +
1
2
σ2(σ2 + 2b4)(σ22 − (χ2 + 4b4)σ2 + 4b24) .
(5.35)
Notice that we have µ+ν = (1+d2/2)(c0+e2) in agreement with Equation (5.11). Here,
d0, e1, e0 ∈ Z[σ2, χ2, j4, j6, j8, b3, b4] are certain polynomials with integer coefficients.
Using j′4 = b4, j
′
6 = b3 one easily checks the following:
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Lemma 5.9. In Equations (5.34) and (5.35) we have: (i) j′4 = 0 if and only if
d2 = 0, (ii) j′4 = j
′
6 = 0 if and only if d2 = e2 = 0, (iii) j
′
4 = j
′
6 = j8 = 0 if and only if
d2 = e2 = e1 = 0.
Equations (5.34) and (5.35) express the coefficients of the polynomial C,D,E,F,G
in terms of the following invariants: (i) the quantities σ2, χ2, and j4, j6, j8 associated
with the Satake sextic S(t) and its factorization S(t) = Q1(t)Q2(t); (ii) the coefficients
b3, b4 of the polynomial B(t) such that S(t) = A(t)2 − B(t). In this way, we have
obtained from Equation (5.22) the affine model
(5.36) y2 = (x − t + µ)(x − t + ν)((t + c0)x2 + (d2t2 + d0)x + (e2t2 + e1t + e0)) ,
which coincides with Equation (5.15) in the affine chart Z1 = x,Z2 = t,Z3 = 1. That is,
we have constructed from the Weierstrass model of the alternate fibration a double
cover of three lines coincident in a point and a generic cubic. We obtained the
following:
Proposition 5.10. A K3 surface that admits a Jacobian elliptic fibration with a
Mordell-Weil group of sections Z/2Z and the singular fibers I∗2 + 4I1 + 6I2 arises as
the double cover of the projective plane branched on three lines coincident in a point
and a cubic.
5.2.3. Invariants from the alternate fibration. Equation (3.9) provided us with the
polynomials
A(t) = t3 + a1t + a0 = t3 − 3αt − 2β ,
B(t) = b4t4 + b3t3 + b2t2 + b1t + b0 = (γt − δ)(εt − ζ)(ηt − ι)(κt − λ) .(5.37)
Choosing a factorization of the Satake sextic S(t) = A(t)2 − 4B(t) introduces the
invariants σ2 and χ2. One can then eliminate the redundant invariants j10 and j12
using Equations (5.31). Conversely, the marking of the Satake roots due to a fac-
torization S(t) = Q1(t)Q2(t) is eliminated by using the invariants {j4, j6, j8, j10, j12}.
The permutations of the roots of B(t) are generated by the actions
(α,β, γ, δ, ε, ζ, η, ι, κ, λ) → (α,β, ε, ζ, γ, δ, η, ι, κ, λ) ,
(α,β, γ, δ, ε, ζ, η, ι, κ, λ) → (α,β, η, ι, ε, ζ, γ, δ, κ, λ) ,
(α,β, γ, δ, ε, ζ, η, ι, κ, λ) → (α,β, γ, δ, κ,λ, η, ι, ε, ζ) .
(5.38)
These are precisely the operations investigated in Lemma 3.2. Using Equations (2.26)
and j′4 = b4, j
′
6 = b3 one checks that the quantities {j4, j6, j8, j10, j12, j′4, j′6}, given by
j4 = α +
2
3
γεηκ ,
j6 = β − γε(ηλ + ικ) − (γζ + δε)ηκ ,
j8 = γειλ + (γζ + δε)(ηλ + ικ) + (3αγε + δζ)ηκ + (γεηκ)2 ,
j10 = (γζ + δε)ιλ + (3αγε + δζ)(ηλ + ικ) + (3α(γζ + δε) − 2βγε)ηκ
+ 2γ2ε2(ηλ + ικ)ηκ + 2γε(γζ + δε)(ηκ)2 ,
j12 = δζιλ − 2βγε(ηλ + ικ) + 2(γ2ε2ιλ − β(γζ + δε))ηκ + (γε)2(η2λ2 + ι2κ2)
+ 2γεηκ(γζ + δε)(ηλ + ικ) + (γζ + δε)2η2κ2 ,
(5.39)
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and
(5.40) j′4 = γεηκ , j′6 = −γε(ηλ + ικ) − (γζ + δε)ηκ ,
are invariant under the permutation of the Satake roots and the permutations of the
roots of B(t) generated by the operations in Equation (5.38). Finally, we check that
the action of the various aforementioned rescalings coincide. In fact, we have the
following:
Lemma 5.11. The rescaling, given by
(5.41) (j4, j′4, j6, j′6, j8, j10, j12) ↦ (Λ4j4, Λ4j′4, Λ6j6, Λ6j′6, Λ8j8, Λ10j10, Λ12j12) ,
for Λ ∈ C×, coincides with the rescaling
(5.42) (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ↦ (Λ4α,Λ6β,Λ10γ,Λ12δ,Λ−2ε, ζ,Λ−2η, ι,Λ−2κ,λ) ,
and the rescaling of the projective model given by Equation (5.14).
Proof. The given rescaling implies that the Satake roots are rescaled according to xk ↦
Λ2xk for Λ ∈ C× and k = 1, . . . ,6. The statements then follows from Equations (5.39)
and Equations (5.34) and (5.35). 
We make the following:
Remark 5.12. Geometrically, the cases j′4 = 0, or j
′
4 = j
′
6 = 0, or j
′
4 = j
′
6 = j8 = 0 cor-
respond to the double sextic surface Y having Picard rank 15, 16, or 17, respectively.
For Picard rank 16, the surface Y is obtained as double cover of the projective plane
branched on six generic lines in the projective plane. For Picard rank 17, the six lines
are tangent to a common conic, and Y is a generic Jacobian Kummer surface. These
cases were investigated in great detail in [3, 9, 11].
As explained in Section 2.2.1, a point in the moduli space, given by
(5.43) [j4 ∶ j′4 ∶ j6 ∶ j′6 ∶ j8 ∶ j10 ∶ j12] ∈MP ⊂ WP(4,4,6,6,8,10,12) ,
can be equivalently described in terms of the coordinates obtained as the coefficients
of the polynomials in Equation (5.37). One can invert Equations (2.26) and obtain
(5.44)
a1 = 2j′4 − 3j4 = −3α ,
a2 = 2j′6 − 2j6 = −2β ,
b4 = j′4 = γεηκ ,
b3 = j′6 = −γε(ηλ + ικ) − (γζ + δε)ηκ ,
b2 = j8 + (j′4)2 − 3j4j′4 = (γζ + δε)(ηλ + ικ) + γειλ + δζηκ ,
b1 = −j10 + 2j′4j′6 − 2j′4j6 − 3j4j′6 = −δζ(ηλ + ικ) − (γζ + δε)ιλ ,
b0 = j12 + (j′6)2 − 2j6j′6 = δζιλ .
Finally, one can also introduce the equivalent invariants
(5.45) [J4 ∶ J ′4 ∶ J6 ∶ J ′6 ∶ J8 ∶ J10 ∶ J12] = [−a13 ∶ b4 ∶ −
a2
2
∶ −b3 ∶ b2 ∶ −b1 ∶ b0] ,
and obtain the following:
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Corollary 5.13. The moduli space for P-polarized K3 surfaces in Theorem 2.28 is
isomorphic to
MP ≅ { [J4 ∶ J ′4 ∶ J6 ∶ J ′6 ∶ J8 ∶ J10 ∶ J12] ∈WP(4,4,6,6,8,10,12) ∣ (J ′4, J ′6, J8, J10, J12) ≠ 0⃗ } .
6. Main results
In this section we combine the results from the previous sections and formulate the
main results of this article. To recall, Kondo [32] proved that exactly the following
lattices occur as two-elementary Ne´ron-Severi lattices of rank 14:
(6.1)
P = H ⊕E8(−1)⊕A1(−1)⊕4 ,
P′ = H ⊕D8(−1)⊕D4(−1) ,
P′′ = H ⊕E8(−1)⊕D4(−1) .
The dimension of the moduli spaces of algebraic K3 surfaces polarized by the lattices
P, P′, or P′′ is equal to six. We will denote the corresponding moduli spaces by MP,
MP′ , and MP′′ , respectively. We have the following:
Theorem 6.1.
(1) A generic P-polarized K3 surface admits exactly five inequivalent Jacobian
elliptic fibrations (π,σ), up to isomorphism, with (KrootP ,MW(π,σ)) given by
D6(−1)⊕D6(−1) , D10(−1)⊕A1(−1)⊕2 ,
E7(−1)⊕D4(−1)⊕A1(−1) , E8(−1)⊕A1(−1)⊕4 ,
if MW(π,σ) = {I}, and KrootP = D8(−1)⊕A1(−1)⊕4 if MW(π,σ) = Z/2Z.
(2) A generic P′-polarized K3 surface admits exactly two inequivalent Jacobian
elliptic fibrations (π,σ), up to isomorphism, with (KrootP′ ,MW(π,σ)) given by
D8(−1) ⊕D4(−1) if MW(π,σ) = {I} and E7(−1) ⊕ A1(−1)⊕5 if MW(π,σ) =
Z/2Z.
(3) A generic P′′-polarized K3 surface admits exactly two inequivalent Jacobian
elliptic fibrations (π,σ), up to isomorphism, with (KrootP′′ ,MW(π,σ)) given by
E8(−1)⊕D4(−1) , D12(−1) ,
if MW(π,σ) = {I}. Moreover, there is no fibration with MW(π,σ) ≠ {I}.
Proof. The theorem combines Propositions 2.4, 2.6, and 2.8. 
It follows that the construction of a VanGeemen-Sarti-Nikulin duality is only pos-
sible in the cases of a P-polarization or P′-polarization since it requires the existence
of Jacobian elliptic fibration with a two-torsion section, i.e., an alternate fibration.
Moreover, based on our discussion in Section 2.2.2, the family of P′-polarized K3
surfaces is self-dual. That is, the types of singular fibers of the alternate fibration do
not change under the action of a VanGeemen-Sarti involution.
We now discuss the construction of a birational model as a family of quartic pro-
jective hypersurfaces, the dual graph of smooth rational curves, and a coarse moduli
space in each case:
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6.1. The case of P-polarized K3 surfaces. We consider the projective surface
Q(α,β, γ, δ, ε, ζ, η, ι, κ, λ) in P3 = P(X,Y,Z,W) defined by the homogeneous quartic
equation
0 = Y2ZW − 4X3Z + 3αXZW2 + βZW3
−
1
2
(2γX − δW)(2ηX − ιW)Z2 − 1
2
(2εX − ζW)(2κX − λW)W2 .(6.2)
for a coefficient set (α,β, γ, δ, ε, ζ, η, ι, κ, λ) ∈ C10. We have the following:
Theorem 6.2. Assume that (γ, δ), (ε, ζ), (η, ι), (κ,λ) ≠ (0,0). The minimal resolu-
tion of (6.2) is a K3 surface X endowed with a canonical P-polarization. Conversely,
every P-polarized K3 surface has a birational projective model given by Equation (6.2).
In particular, every Jacobian elliptic fibration on a generic P-polarized K3 surface
(determined in Theorem 6.1) is attained on the K3 surface X as follows:
# singular fibers MW root lattice substitution
1 I∗4 + 4I2 + 6I1 Z/2Z D8 +A⊕41 Equation (3.6)
2 2I∗2 + 8I1 {I} 2D6 Equation (3.11)
3 III∗ + I∗0 + I2 + 7I1 {I} E7 +D4 +A1 Equation (3.17)
3′ II∗ + 4I2 + 6I1 {I} E8 +A⊕41 Equation (3.22)
4 I∗6 + 2I2 + 8I1 {I} D10 +A⊕21 Equation (3.28)
Proof. The proof follows from Theorem 3.4. 
Theorem 6.3. For a generic P-polarized K3 surface X the dual graph of smooth
rational curves is given by Figure 2.
Proof. The proof was given in Theorem 4.1. 
From the two polynomials A and B that define the alternate fibration, i.e.,
A(t) = t3 + a1t + a0 = t3 − 3αt − 2β ,
B(t) = b4t4 + b3t3 + b2t2 + b1t + b0 = (γt − δ)(εt − ζ)(ηt − ι)(κt − λ) ,(6.3)
with
a1 = −3α , a2 = −2β , b4 = γεηκ , b3 = −γε(ηλ + ικ) − (γζ + δε)ηκ ,
b2 = (γζ + δε)(ηλ + ικ) + γειλ + δζηκ , b1 = −δζ(ηλ + ικ) − (γζ + δε)ιλ , b0 = δζιλ ,
one obtains the invariants
(6.4)
j4 = −13a1 + 23b4 , j6 = −12a0 + b3 , j8 = b2 − a1b4 + b24 ,
j10 = a0b4 + a1b3 − b1 − 2b3b4 , j12 = b0 − a0b3 + b23 ,
One also sets j′4 = b4 and j
′
6 = b3. As proved in Section 2.2.1, two members of the
above family are isomorphic if and only if their coefficient sets are related by the
transformation
(6.5) (j4, j′4, j6, j′6, j8, j10, j12) ↦ (Λ4j4,Λ4j′4,Λ6j6,Λ6j′6,Λ8j8,Λ10j10,Λ12j12) ,
with Λ ∈ C×. We then have the following:
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Theorem 6.4. The six-dimensional open analytic space MP, given by
(6.6) { [j4 ∶ j′4 ∶ j6 ∶ j′6 ∶ j8 ∶ j10 ∶ j12] ∈WP(4,4,6,6,8,10,12) ∣ (j′4, j′6, j8, j10, j12) ≠ 0⃗ } ,
forms a coarse moduli space for P-polarized K3 surfaces. Moreover, the coarse moduli
space for P(0)-polarized K3 surfaces is the subspace j
′
4 = 0; the coarse moduli space for
P(0,0)-polarized K3 surfaces is the subspace j
′
4 = j
′
6 = 0. Here, we used the following
lattices of rank 15 and 16:
(6.7) P(0) =H ⊕E8(−1)⊕D4(−1)⊕A1(−1) ⊂ P(0,0) =H ⊕E8(−1)⊕D6(−1) .
Proof. The proof follows from Theorem 2.14. 
Remark 6.5. The equivalent invariants
(6.8) [J4 ∶ J ′4 ∶ J6 ∶ J ′6 ∶ J8 ∶ J10 ∶ J12] = [−a13 ∶ b4 ∶ −
a2
2
∶ −b3 ∶ b2 ∶ −b1 ∶ b0] ,
are natural in terms of the quartic surface in Equation (6.2). It was proved in Corol-
lary 5.13 that
(6.9) MP ≅ { [J4 ∶ J ′4 ∶ J6 ∶ J ′6 ∶ J8 ∶ J10 ∶ J12] ∈WP(4,4,6,6,8,10,12) ∣ (J ′4, J ′6, J8, J10, J12) ≠ 0⃗ } .
We have the following:
Theorem 6.6. A K3 surface Y associated with a generic P-polarized K3 surface X
by the Van Geemen-Sarti-Nikulin duality arises as the double cover of the projective
plane branched on three lines coincident in a point and a generic cubic, i.e., a smooth
cubic meeting the three lines in nine distinct points. The cubic is tangent to one line
if J ′4 = 0. The cubic is singular at the intersection point with that line if J
′
4 = J
′
6 = 0.
Proof. The proof follows from Lemma 2.11 and Proposition 5.10. The second part
follows from Lemma 5.1, Corollary 5.8, and Lemma 5.9. 
We also determined the lattice polarization:
Theorem 6.7. The K3 surfaces Y are polarized by the lattice R = H ⊕ D4(−1)⊕3.
The polarizing lattice extends to the lattice R(0) = H ⊕D5(−1) ⊕D4(−1)⊕2 if J ′4 = 0,
and to R(0,0) = H ⊕D6(−1)⊕D4(−1)⊕2 if J ′4 = J ′6 = 0.
Proof. The proof follows from Theorem 6.6 and Proposition 2.12. 
6.2. The case of P′-polarized K3 surfaces. We consider the projective surface
Q′(f2, f1, f0, g0, h2, h1, h0) in P3 = P(X,Y,Z,W) defined for (f2, f1, f0, g0, h2, h1, h0) ∈
C7 by the homogeneous quartic equation
0 =Y2ZW − 4X3Z − 2(W2 + f2WZ + h2Z2)X2
−(f1WZ − h2W2 + h1Z2)XZ − 1
2
(f0WZ + g0W2 + h0Z2)Z2 .
(6.10)
We have the following:
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Theorem 6.8. Assume that (f1, f2, g0, h0, h1, h2) ≠ 0⃗. The surface obtained as the
minimal resolution of the quartic in Equation (6.10) is a K3 surface X ′ endowed
with a canonical P′-polarization. Conversely, every P′-polarized K3 surface has a
birational projective model given by Equation (6.10). In particular, every Jacobian
elliptic fibration on a generic P′-polarized K3 surface (determined in Theorem 6.1) is
attained on X ′ as follows:
# singular fibers MW root lattice substitution [X ∶Y ∶ Z ∶W] =
1 III∗ + 5I2 + 5I1 Z/2Z E7 ⊕A⊕51 [uvx ∶√2y ∶ 2v2z ∶ 2v3H(u, v)z]
2 I∗4 + I
∗
0 + 8I1 {I} D8 ⊕D4 [2uvx ∶ y ∶ 8u4v2z ∶ 32u3v3z]
Here, we have set H(u, v) = u3 + h2u2v + h1uv2 + h0v3.
Proof. The proof follows from Theorem 3.7. 
Theorem 6.9. For a generic P′-polarized K3 surface X ′ the dual graph of smooth
rational curves is given by Figure 9.
Proof. The proof follows from Theorem 4.4. 
One defines the following invariants:
(6.11)
J2 = f2, J6 = f1, J8 = g0 + h1 − h22, J10 = f0,
J12 = g0h2 − h1h2 + h0, J16 = g0h1 − h0h2, J20 = g0h0.
As proved in Section 2.2.2, two members of the above family are isomorphic if and
only if their coefficient sets are related by the transformation
(J2,J6,J8,J10,J12,J16,J20) → (Λ2J2, Λ6J6, Λ8J8, Λ10J10, Λ12J12, Λ16J16, Λ20J20) ,
for Λ ∈ C×. We have the following:
Theorem 6.10. The six-dimensional open analytic space MP′ , given by
{ [J2 ∶ J6 ∶ J8 ∶ J10 ∶ J12 ∶ J16 ∶ J20] ∈WP(2,6,8,10,12,16,20) ∣ (J6,J8,J10,J12,J16,J20) ≠ 0⃗ } ,
forms a coarse moduli space for P′-polarized K3 surfaces. The Van Geemen-Sarti-
Nikulin duality acts on the moduli space MP′ as the involution
ı′∶ MP′ → MP′ , with ı′ ○ ı′ = id ,
given by:
(6.12) ı′ ∶
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
J2 ↦ −J2 ,
J6 ↦ J6 + 110J 32 ,
J8 ↦ J8 − 12J6J2 − 140J 42 ,
J10 ↦ −J10 − 120J6J 22 − 1400J 52 ,
J12 ↦ −J12 + 12J10J2 − 320J8J 22 + 14J 26 + 340J6J 32 + 1400J 62 ,
J16 ↦ J16 + 110J12J 22 − 12J10J6 − 120J10J 32 + 3400J8J 42
−
1
40
J 26 J
2
2 −
3
800
J6J 52 −
3
3200
J 82 ,
J20 ↦ −J20 − 120J16J 22 − 1400J12J 42 + 14J 210 + 140J10J6J 22 + 1800J10J 52
−
1
8000
J8J 62 +
1
1600
J 26 J
4
2 +
1
16000
J6J 72 +
1
800000
J 102 .
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Proof. The proof follows from Theorem 2.19 and Proposition 2.20. 
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Corollary 2.21 implies the following:
Corollary 6.11. The selfdual locus within MP′ is given by
{ [J2 ∶ J6 ∶ J8 ∶ J10 ∶ J12 ∶ J16 ∶ J20] ∈MP′ ∣ (J2,J10,J 26 − 8J12,J20) = 0⃗ } .
A generic element is a Jacobian elliptic K3 surface with a Mordell-Weil group Z/2Z
and the singular fibers III∗ + III + 4I2 + 4I1.
6.3. The case of P′′-polarized K3 surfaces. We consider the projective surface
Q′′(f1,2, f2,2, f1,3, f2,3, f3,3, g1, g3) in P3 = P(x0,x1,x2,x3) defined by the homogeneous
quartic equation
(6.13) x20x2x3 − 4x
3
1x3 − x
4
2 − x1x
2
3 g(x0,x1,x3) − x2x3 f(x1,x2,x3) = 0 ,
with
(6.14) g = g1x1 + g3x3 , f = f12x1x2 + f22x22 + f13x1x3 + f23x2x3 + f33x23 .
We have the following:
Theorem 6.12. Assume that (f1,3, f2,3, f3,3, g1, g3) ≠ 0⃗. The minimal resolution of
the quartic in Equation (6.13) is a K3 surface X ′′ endowed with a canonical P′′-
polarization. Conversely, every P′′-polarized K3 surface has a birational projective
model given by Equation (6.13). In particular, every Jacobian elliptic fibration on a
P′′-polarized K3 surface (determined in Theorem 6.1) is attained on the K3 surface
X ′′ as follows:
# singular fibers MW root lattice substitution [x0 ∶ x1 ∶ x2 ∶ x3] =
1 II∗ + I∗0 + 8I1 {I} E8 +D4 [y ∶ uvx ∶ 4u3v3z ∶ 4u2v4z]
2 I∗8 + 10I1 {I} D12 [√2y ∶ uvx ∶ 2v2x ∶ 4v6z]
Proof. The proof follows from Theorem 3.9. 
Theorem 6.13. For a generic P′′-polarized K3 surface X ′′ the dual graph of smooth
rational curves is given by Figure 11.
Proof. The proof follows from Theorem 4.5. 
As proved in Section 3.3, two members of the above family are isomorphic if and
only if their coefficient sets are related by the transformation
(6.15)
(f1,2, f2,2, g1, f1,3, f2,3, g3, f3,3) ↦
(Λ4f1,2,Λ6f2,2,Λ8g1,Λ10f1,3,Λ12f2,3,Λ16g3,Λ18f3,3) ,
for Λ ∈ C×. This fact leads one to define invariants associated to the K3 surfaces in
the family, namely
(6.16)
j4 = − f1,23 , j6 = −f2,2 , j8 = g1 , j10 = −2f1,3 ,
j12 = 4f2,3 , j16 = g3 , j18 = f3,3 ,
and we obtain the following:
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R5 R4
Figure 14. Rational curves on X with NS-lattice P(0) of rank 15
Theorem 6.14. The six-dimensional open analytic space MP′′ , given by
(6.17) { [j4 ∶ j6 ∶ j8 ∶ j10 ∶ j12 ∶ j16 ∶ j18] ∈WP(4,6,8,10,12,16,18) ∣ (j8, j10, j12, j16, j18) ≠ 0⃗ },
forms a coarse moduli space for P′′-polarized K3 surfaces. Moreover, the coarse moduli
space for H ⊕ E8(−1) ⊕ D5(−1)-polarized K3 surfaces is the subspace j16 = 0; the
coarse moduli space for H ⊕ E8(−1) ⊕D6(−1)-polarized K3 surfaces is the subspace
j16 = j18 = 0.
Proof. The proof follows from Theorem 3.11. 
Remark 6.15. One introduces the equivalent invariants
(6.18) [J4 ∶ J6 ∶ J8 ∶ J10 ∶ J12 ∶ J16 ∶ J18] = [−3j4 ∶ −j6 ∶ j8 ∶ −j10
2
∶
j12
4
∶ j16 ∶ j18] ,
that are natural in terms of the quartic surface in Equation (6.13). We then have
(6.19)
MP′′ ≅ { [J4 ∶ J6 ∶ J8 ∶ J10 ∶ J12 ∶ J16 ∶ J18] ∈WP(4,6,8,10,12,16,18) ∣
(J8,J10,J12,J16,J18) ≠ 0⃗ } .
Appendix A. The graph of rational curves for Picard rank 15
In this section we determine the graph of rational curves on the K3 surface X for
Picard rank 15, that is, for (κ,λ) = (0,1). In this case the P-polarization is enhanced
to a P(0)-polarization with
P(0) =H ⊕E8(−1)⊕D4(−1)⊕A1(−1) ≅H ⊕E7(−1)⊕D6(−1) ≅H ⊕D12(−1)⊕A1(−1) .
One verifies that the singularity at P1 is a rational double point of type A9, and the
singularity at P2 is still of type A3. For (κ,λ) = (0,1), the two sets {a1, a2, . . . , a9}
and {b1, b2, b3} are the curves appearing from resolving the rational double point
singularities at P1 and P2, respectively. The curves L5,R6, . . . ,R12 introduced above
become redundant for (κ,λ) = (0,1). We have the following:
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Figure 15. The alternate fibration on X for Picard rank 15
Theorem A.1. Assume that (γ, δ), (ε, ζ), (η, ι) ≠ (0,0) and (κ,λ) = (0,1). Then,
the K3 surface X (α,β, γ, δ, ε, ζ, η, ι,0,1) is endowed with a canonical P(0)-polarization
with a dual graph of all smooth rational curves given by Figure 14.
Proof. From any of the elliptic fibrations in Theorem 3.4 it follows that the Picard
rank is 15, and X admits an P(0)-polarization. The graph of all smooth rational
curves on a K3 surface endowed with a canonical P(0)-polarization was constructed in
[32, Sec. 4.5] and is shown in Figure 14. Thus, to prove the theorem we only have to
match the curves on X (α,β, γ, δ, ε, ζ, η, ι,0,1) and their intersection properties with
the ones in Figure 14. The graph can then be constructed in the same way as in the
proof of Theorem 4.1 and shown to coincide with Figure 14. Notice that the nodes R4
and R5 are connected by a six-fold edge. It was proven in [52] that Figure 14 contains
all smooth rational curves on a generic K3 surface with P(0)-polarization. 
Remark A.2. Figure 14 first appeared in [52, Rem. 4.5.2] and [32, Fig. 4].
We have the following:
Proposition A.3. The polarization of the K3 surface X (α,β, γ, δ, ε, ζ, η, ι,0,1) is
given by the divisor
(A.1) H = 3L2 + L3 + 3a1 + 5a2 + 7a3 + 6a4 + 5a5 + 4a6 + 3a7 + 2a8 + a9 ,
such that H2 = 4 and H ○ F = 3, where F is the smooth fiber class of any elliptic
fibration in Sections A.1-A.4 obtained from the intersection of the quartic Q with the
line Li for i = 1, . . . ,4.
Proof. The proof is analogous to the proof of Proposition 4.3. 
We now construct the embeddings of the reducible fibers into the graph given by
Figure 14 for each elliptic fibration in Theorem 3.4:
A.1. The alternate fibration. There is one way of embedding the corresponding
reducible fibers of case (1) in Theorem 3.4 into the graph given by Figure 14. The
configuration is invariant when applying the Nikulin involution in Proposition 3.3 and
shown in Figure 15. We have
Aˆ1 = ⟨b1,R3⟩ , Aˆ1 = ⟨R1,L3⟩ , Aˆ1 = ⟨b3,R2⟩ ,
Dˆ10 = ⟨a2,L2, a3, a4, a5, a6, a7, a8, a9,L4,L1⟩ .(A.2)
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Figure 16. The standard fibration on X for Picard rank 15
Thus, the smooth fiber class is given by
Falt = L1 + L2 + L4 + a2 + 2a3 + 2a4 + 2a5 + 2a6 + 2a7 + 2a8 + 2a9
= R1 + L3 = R2 + b3 = R3 + b1 ,(A.3)
and the classes of a section and two-torsion section are b2 and a1, respectively. Using
the polarizing divisor H in Equation (A.1), one checks that
(A.4) H −Falt − L1 ≡ a1 + ⋅ ⋅ ⋅ + a9 + b1 + 2b2 + b3 .
This is consistent with the fact that this fibration is obtained by intersecting the quar-
tic Q(α,β, γ, δ, ε, ζ, η, ι,0,1) with the pencil of planes L1(u, v) = 0 in Equation (3.5)
which is invariant under the Nikulin involution.
A.2. The standard fibration. There are two ways of embedding the corresponding
reducible fibers of case (2) in Theorem 3.4 into the graph given by Figure 14. They
are depicted in Figure 16. In the case of Figure 16a, we have
(A.5) Eˆ7 = ⟨L3, a1, a2, a3,L2, a4, a5, a6⟩ , Dˆ6 = ⟨b3, b1, b2,L1, a9,L4, a8⟩ .
Thus, the smooth fiber class is given by
Fstd = 2L2 + L3 + 2a1 + 3a2 + 4a3 + 3a4 + 2a5 + a6
= 2L1 + L4 + a8 + 2a9 + b1 + 2b2 + b3 ,(A.6)
and the class of a section is a7. Using the polarizing divisor H in Equation (A.1), one
checks that
(A.7) H −Fstd − L2 ≡ a1 + 2a2 + 3a3 + 3a4 + 3a5 + 3a6 + 3a7 + 2a8 + a9 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q(α,β, γ, δ, ε, ζ, η, ι,0,1) with the pencil L2(u, v) = 0 in Equation (3.10).
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 16b with
(A.8) Eˆ7 = ⟨R1, b2,L1, a9,L4, a8, a7, a6⟩ , Dˆ6 = ⟨R2,R3, a1, a2, a3,L2, a4⟩ .
The smooth fiber class is now given by
Fˇstd = R1 + 3L1 + 2L4 + a6 + 2a7 + 3a8 + 4a9
= R2 +R3 + L2 + 2a1 + 2a2 + 2a3 + a4 ,
(A.9)
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Figure 17. The base-fiber dual fibration on X for Picard rank 15
and the class of the section is a5. Using the polarizing divisor H in Equation (A.1),
one checks that
3H − Fˇstd − 2L1 − 2L2 − L3
≡ 3a1 + 5a2 + 7a3 + 7a4 + 7a5 + 6a6 + 5a7 + 4a8 + 3a9 + 3b1 + 4b2 + 3b3 .
(A.10)
This is consistent with the fact that this fibration is also obtained by intersecting
the quartic Q(α,β, γ, δ, ε, ζ, η, ι,0,1) with the pencil C2(u, v) = 0 in Equation (3.15),
which for (κ,λ) = (0,1) is also tangent to L2.
A.3. The base-fiber dual fibration. There are two ways of embedding the corre-
sponding reducible fibers of case (3) in Theorem 3.4 into the graph given by Figure 14.
They are depicted in Figure 17. In the case of Figure 17a, we have
(A.11) Eˆ8 = ⟨a1, a2,L2, a3, a4, a5, a6, a7, a8⟩ , Dˆ4 = ⟨R1, b1, b2, b3,L1⟩ , Aˆ1 = ⟨R4,L4⟩ .
Thus, the smooth fiber class is given by
Fbfd = 3L2 + 2a1 + 4a2 + 6a3 + 5a4 + 4a5 + 3a6 + 2a7 + a8
= R1 + L1 + b1 + 2b2 + b3 = R4 + L4 ,(A.12)
and the class of a section is a9. Using the polarizing divisor H in Equation (A.1), one
checks that
(A.13) H − Fbfd − L3 ≡ a1 + ⋅ ⋅ ⋅ + a9 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q(α,β, γ, δ, ε, ζ, η, ι,0,1) with the pencil L3(u, v) = 0 in Equation (3.16).
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 17b with
(A.14) Eˆ8 = ⟨b2,L1,L4, a9, a8, a7, a6, a5, a4⟩ , Dˆ4 = ⟨R2,R3, a1,L3, a2⟩ , Aˆ1 = ⟨R5,L2⟩ .
The smooth fiber class is given by
Fˇbfd = 4L1 + 3L4 + a4 + 2a5 + 3a6 + 4a7 + 5a8 + 6a9 + 2b2
= R2 +R3 + L3 + 2a1 + a2 = R5 + L2 ,
(A.15)
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Figure 18. The maximal fibration on X for Picard rank 15
and the class of the section is a3. Using the polarizing divisor H in Equation (A.1),
one checks that
3H − Fˇbfd − 2L1 − 3L2
≡ 3a1 + 6a2 + 9a3 + 8a4 + 7a5 + 6a6 + 5a7 + 4a8 + 3b1 + 4b2 + 3b3 .
(A.16)
This is consistent with the fact that this fibration is also obtained by intersecting
the quartic Q(α,β, γ, δ, ε, ζ, η, ι,0,1) with the pencil of cubic surfaces C3(u, v) = 0 in
Equation (3.20), which for (κ,λ) = (0,1) has vanishing trace of the Hessian along L2.
A.4. The maximal fibration. There are two ways of embedding the corresponding
reducible fibers of case (4) in Theorem 3.4 into the graph given by Figure 14. They
are depicted in Figure 18. In the case of Figure 18a, we have
(A.17) Dˆ12 = ⟨b1, b3, b2,L1, a9, a8, a7, a6, a5, a4, a3,L2, a2⟩ , Aˆ1 = ⟨R4,L3⟩ .
Thus, the smooth fiber class is given by
Fmax = 2L1 + L2 + a2 + 2a3 + 2a4 + 2a5 + 2a6 + 2a7 + 2a8 + 2a9 + b1 + 2b2 + b3
= R4 + L3 ,(A.18)
and the class of a section is a1. Using the polarizing divisor H in Equation (A.1), one
checks that
(A.19) H − Fmax − L4 ≡ a1 + a2 + a3 + a4 + a5 + a6 + a7 + a8 + a9 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q(α,β, γ, δ, ε, ζ, η, ι,0,1) with the pencil L4(u, v) = 0 in Equation (3.27).
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 18b with
(A.20) Dˆ12 = ⟨R2,R3, a1, a2, a3, a4, a5, a6, a7, a8, a9,L4,L1⟩ , Aˆ1 = ⟨R5,R1⟩ .
The smooth fiber class is given by
Fˇmax = R2 +R3 + L1 + L4 + 2a1 + 2a2 + 2a3 + 2a5 + 2a6 + 2a7 + 2a8 + 2a9
= R1 +R5 ,
(A.21)
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Figure 19. Rational curves on X with NS-lattice P(0,0) of rank 16
and the class of the section is b2. Using the polarizing divisor H in Equation (A.1),
one checks that
4H − Fˇmax − 3L1 − 3L2 − L3
≡ L2 + 4a1 + 7a2 + 10a3 + 9a4 + 8a5 + 7a6 + 6a7 + 5a8 + 4a9 + 4b1 + 6b2 + 4b3 .
(A.22)
This is consistent with the fact that this fibration is also obtained by intersecting the
quartic Q(α,β, γ, δ, ε, ζ, η, ι,0,1) with the pencil of quartic surfaces C4(u, v) = 0 in
Equation (3.32), which for (κ,λ) = (0,1) also has a vanishing trace of the Hessian
along L2.
Appendix B. The graph of rational curves for Picard rank 16
As convenience for the reader, we also include the graph of rational curves on the
K3 surface X for Picard rank 16, that is, for (κ,λ) = (η, ι) = (0,1). The detailed
description of this case can be found in [11]. In this case the P(0)-polarization is
enhanced to a P(0,0)-polarization with
P(0,0) = H ⊕E8(−1)⊕D6(−1) ≅ H ⊕E7(−1)⊕E7(−1) ≅ H ⊕D14(−1) .
One verifies that the singularity at P1 is a rational double point of type A11, and the
singularity at P2 is of type A5. Then, the two sets {a1, a2, . . . , a11} and {b1, . . . , b5} are
the curves appearing from resolving the rational double point singularities at P1 and
P2, respectively. The curves L4,L5,R3, . . . ,R12 introduced earlier become redundant
for (κ,λ) = (η, ι) = (0,1). We proved the following in [3]:
Theorem B.1. Assume that (γ, δ), (ε, ζ) ≠ (0,0) and (κ,λ) = (η, ι) = (0,1). The K3
surface X (α,β, γ, δ, ε, ζ,0,1,0,1) is endowed with a canonical P(0,0)-polarization with
a dual graph of all smooth rational curves given by Figure 19.
Remark B.2. Figure 19 first appeared in [52, Rem. 4.5.2] and [32, Fig. 5].
We have the following:
Proposition B.3. The polarization of the K3 surface X (α,β, γ, δ, ε, ζ,0,1,0,1) is
given by the divisor
(B.1) H = 3L1 + L2 + a1 + 2a2 + 3a3 + 3a4 + 3a5 +⋯3a9 + 2b1 + 4b2 + 3b3 + 2b4 + b5 ,
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Figure 20. The alternate fibration on X for Picard rank 16
such that H2 = 4 and H ○ F = 3, where F is the smooth fiber class of any elliptic
fibration in Sections B.1-B.3 obtained from an intersection of the quartic Q with the
line Li for i = 1, . . . ,3.
We now construct the embeddings of the reducible fibers into the graph given by
Figure 19 for each elliptic fibration in Remark 3.5:
B.1. The alternate fibration. There is one way of embedding the corresponding
reducible fibers of case (1) in Remark 3.5 into the graph given by Figure 19. The
configuration is invariant when applying the Nikulin involution in Proposition 3.3 and
shown in Figure 20. We have
Aˆ1 = ⟨b5,R2⟩ , Aˆ1 = ⟨R1,L3⟩ , Dˆ12 = ⟨a2,L2, . . . ,L1, b1, b3⟩ .(B.2)
Thus, the smooth fiber class is given by
Falt = 2L1 + L2 + a2 + 2a3 + 2a4 + ⋅ ⋅ ⋅ + 2a9 + b1 + 2b2 + b3
= R1 + L3 = R2 + b5 ,(B.3)
and the classes of a section and two-torsion section are b4 and a1, respectively. Using
the polarizing divisor H in Equation (B.1), one checks that
(B.4) H − Falt − L1 ≡ a1 + ⋅ ⋅ ⋅ + a9 + b1 + 2b2 + 2b3 + 2b4 + b5 .
This is consistent with the fact that this fibration is obtained by intersecting the quar-
tic Q(α,β, γ, δ, ε, ζ,0,1,0,1) with the pencil of planes L1(u, v) = 0 which is invariant
under the Nikulin involution.
B.2. The standard fibration. There are two ways of embedding the corresponding
reducible fibers of case (2) in Remark 3.5 into the graph given by Figure 19. They
are depicted in Figure 21. In the case of Figure 21a, we have
Eˆ7 = ⟨L3, a1, a2, a3,L2, a4, a5, a6⟩ , Eˆ7 = ⟨b5, b4, b3, b2, b1,L1, a9, a8⟩ .(B.5)
Thus, the smooth fiber class is given by
Fstd = 2L2 + L3 + 2a1 + 3a2 + 4a3 + 3a4 + 2a5 + a6
= 3L1 + a8 + 2a9 + 2b1 + 4b2 + 3b3 + 2b4 + b5 ,(B.6)
and the class of a section is a7. Using the polarizing divisor H in Equation (B.1), one
checks that
(B.7) H − Fstd − L2 ≡ a1 + 2a2 + 3a3 + ⋅ ⋅ ⋅ + 3a7 + 2a8 + a9 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q(α,β, γ, δ, ε, ζ,0,1,0,1) with the pencil of planes L2(u, v) = 0.
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Figure 21. The standard fibration on X for Picard rank 16
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 21b with
Eˆ7 = ⟨R1, b4, b3, b2, b1,L1, a9, a8⟩ , Eˆ7 = ⟨R2, a1, a2, a3,L2, a4, a5, a6⟩ .(B.8)
The smooth fiber class is given by
Fˇstd = R1 + 3L1 + a8 + 2a9 + 2b1 + 4b2 + 3b3 + 2b4
= R2 + 2L2 + 2a1 + 3a2 + 4a3 + 3a4 + 2a5 + a6 ,
(B.9)
and the class of the section is a7. Using the polarizing divisor H in Equation (B.1),
one checks that
(B.10) 2H − Fˇstd − L1 − L2 − L3 ≡ 2a1 + 3a2 + 4a3 + ⋅ ⋅ ⋅ + 4a7 + 3a8 + 2a9 + b1 + 2b2 + ⋅ ⋅ ⋅ + 2b5 .
This is consistent with the fact that this fibration is also obtained by intersecting
the quartic Q(α,β, γ, δ, ε, ζ,0,1,0,1) with a pencil of quadratic surfaces, denoted by
C′′2(u, v) = 0, containing the lines L1,L2,L3. A computation yields
(B.11) C′′2(u, v) = vW(2εX − ζW) − uZ(2γX − δW) = 0 .
B.3. The base-fiber dual fibration. There are two ways of embedding the corre-
sponding reducible fibers of case (3) in Remark 3.5 into the graph given by Figure 19.
They are depicted in Figure 22. In the case of Figure 22a, we have
Eˆ8 = ⟨a1, a2,L2, a3, a4, a5, a6, a7, a8⟩ , Dˆ6 = ⟨R1, b5, b4, b3, b2, b1,L1⟩ .(B.12)
Thus, the smooth fiber class is given by
Fbfd = 3L2 + 2a1 + 4a2 + 6a3 + 5a4 + 4a5 + 3a6 + 2a7 + a8
= R1 + L1 + b1 + 2b2 + 2b3 + 2b4 + b5 ,(B.13)
and the class of a section is a9. Using the polarizing divisor H in Equation (B.1), one
checks that
(B.14) H − Fbfd − L3 ≡ a1 + ⋅ ⋅ ⋅ + a9 ,
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q(α,β, γ, δ, ε, ζ,0,1,0,1) with the pencil of planes L3(u, v) = 0.
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 21b with
Eˆ8 = ⟨b4, b3, b1, b2,L1, a9, a8, a7, a6⟩ , Dˆ6 = ⟨R2,L3, a1, a2, a3,L2, a4⟩ .(B.15)
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Figure 22. The base-fiber dual fibration on X for Picard rank 16
The smooth fiber class is given by
Fˇbfd = 5L1 + a6 + 2a7 + 3a8 + 4a9 + 6b1 + 2b2 + 4b3 + 2b4
= R2 + L2 + L3 + 2a1 + 2a2 + 2a3 + a4 ,
(B.16)
and the class of the section is a5. Using the polarizing divisor H in Equation (B.1),
one checks that
2H − Fˇbfd − L1 − 2L2
≡ 2a1 + 4a2 + 6a3 + 6a4 + 6a5 + 5a6 + 4a7 + 3a8 + 2a9 + b1 + 2b2 + ⋅ ⋅ ⋅ + 2b5 .
(B.17)
This is consistent with the fact that this fibration is also obtained by intersecting
the quartic Q(α,β, γ, δ, ε, ζ,0,1,0,1) with a pencil of quadratic surfaces, denoted by
C′′3(u, v) = 0, containing the lines L1,L2 and also being tangent to L2. A computation
yields
(B.18) C′′3(u, v) = vZ(2γX − δW) − uW2 = 0 .
B.4. The maximal fibration. There are two ways of embedding the corresponding
reducible fibers of case (4) in Remark 3.5 into the graph given by Figure 19. They
are depicted in Figure 23. In the case of Figure 23a, we have we have
Dˆ14 = ⟨R2,L3, a1, . . . , a9,L1, b2, b1, b3⟩ .(B.19)
Thus, the smooth fiber class is given by
(B.20) Fmax = R2 + L3 + 2a1 + ⋅ ⋅ ⋅ + 2a9 + 2L1 + 2b2 + b1 + b3 ,
and the class of a section is b4. Using the polarizing divisor H in Equation (B.1), one
checks that
(B.21) 2H −Fmax −R1 ≡ b1 + 2b2 + 3b3 + 4b4 + 3b5 .
This is consistent with the fact that this fibration is obtained by intersecting the
quartic Q(α,β, γ, δ, ε, ζ,0,1,0,1) with the pencil of quadric surfaces C˜4(u, v) = 0 con-
taining the curve R1. A computation shows that
C˜4(u, v) = v(2γ2δεζXZ + (6αγδεζ + 4βγδε2 + 4βγ2εζ + 2δ2ζ2)XW − γδ2εζZW
+2γδεζY2 − (8βγ2ε2 + 4δ2εζ + 4γδζ2)X2) + u(2γX − δW)(2εX − ζW) = 0 .(B.22)
Applying the Nikulin involution in Proposition 3.3, we obtain the fiber configuration
in Figure 22b with
Dˆ14 = ⟨b5,R1, b4, b3, b2,L1, a9, . . . , a3,L2, a2⟩ .(B.23)
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Figure 23. The maximal fibration on X for Picard rank 16
The smooth fiber class is given by
(B.24) Fˇmax = R1 + L2 + 2L1 + a2 + 2a3 + ⋅ ⋅ ⋅ + 2a9 + 2b2 + 2b3 + 2b4 + b5 ,
and the class of the section is a1. Using the polarizing divisor H in Equation (B.1),
one checks that the elliptic fibration is also obtained by intersecting the quartic
Q(α,β, γ, δ, ε, ζ,0,1,0,1) with a pencil of cubic surfaces, denoted by C′′4(u, v) = 0,
containing the curves L2, L3, R2. A computation shows that
(B.25) C′′4(u, v) = C˜4(u, v)Z + γδεζ(C′′3(u, v)Z + L3(u, v)W2) .
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